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I INTRODUCTION 



Since its appearance in string theory ||117] , |118| , |132| , |14CI|| , in elementary particle physics 
|9^ , |149|| and in quantum field theory ||156| , |154| , |155| , |102|| , supersymmetry has become a 
central issue in the quest for unification of the fundamental forces of Nature. 

Mathematically, supersymmetry transformations fall in the category of graded Lie 
groups, with commuting and anticommuting parameters |jl2|, In addition to the 

generators of Lorentz transformations and translations in a D-dimensional space-time, 
the supersymmetry algebra contains one or more spinor supercharges ("simple" or "A^- 
extended" supersymmetry). As a consequence of the particular algebraic structure, 
Wigner's analysis of unitary representations [TWl\ can be generalized to the supersym- 
metric case ||136| , |116| , [76| , | 



, giving rise to the notion of supermultiplets which combine 
bosons and fermions. 

Although theoretically very appealing, no explicit sign of such a Bose- Fermi symmetry 
has been observed experimentally. This does not prevent experimental physicists to put 
supersymmetric versions of the standard model ||119| , [I03|| to the test ||127| , |128|| . So far 
they turn out to be compatible with data. 

On a more fundamental level, in the context of recent developments in string/brane 



theory [139, 141 , 95, 129], supergravity in eleven dimensions ||116| , 40 1 seems to play an 
important role. Such a string, or membrane theory is expected to manifest itself in a four 
dimensional point particle limit as some locally supersymmetric effective theory. 

The basic structure of a generic D = 4, N = 1 effective theory is provided by su- 
pergravity |5y, coupled to various lower spin multiplets. The off-shell supergravity 
multiplet is usually taken to be the one with minimal auxiliary field content ||147| , |6^ , the 
so called minimal supergravity multiple'^. 

Chiral multiplets are expected to appear in the form of some nonlinear sigma model. 



Supersymmetry requires a Kahler structure ||164|| : the complex scalar fields of the chiral 

multiplets are coordinates of a Kahler manifold |^4|, ^, ^, H. At the same time they may 

be subject to Yang-Mills gauge transformations, requiring the coupling to supersymmetric 

Yang- Mills multiplets []70| , |135 |. 

^Other possibilities, such as the new minimal supergravity multiplet |3[ 145| and the non-minimal 
supergravity multiplet 



144 1 are less popular [124, 125, 126 1 in this context. 
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The general theory, combining minimal supergravity, chiral matter and supersym- 

In this construction, 



metric Yang-Mills theory has been worked out in [40 



M 39 



generalized rescalings, compatible with supersymmetry, had to be carried out to establish 
the canonical normalization of the Einstein term. In its final form, this theory exhibits 
chiral Kahler phase transformations. Alternatively, using conformal tensor calculus and 
particular gauge conditions ||110| , |109|| , the cumbersome Weyl rescalings could be avoided. 

But string/membrane theory requires more fields and more structures - linear multi- 
plets [[7T| , |143|| and 3-form multiplets [Q, together with Chern-Simons terms of the gauge 
and gravitational types should be included. They are relevant for string corrections to 
gauge couplings ^ ^ [L12| , |142| , |i8| , ^ p7| , ^ , in particular non-holomorphic gauge 
coupling functions, and for effective descriptions of gaugino condensation ||162|| , as well as 
for a supersymmetric implementation of the consequences of the Green-Schwarz mecha- 
in an effective theory p 



nism 



m. 



It is clear that a systematic approach should be employed to cope with such complex 
structures. This report provides a presentation of the geometric superspace approach. 



The notion of superspace is based on the concept of superfields ||134| , |7I| , |138|| : space- 
time is promoted to superspace in adding anticommuting parameters and superfields are 
functions of space-time coordinates and the anticommuting coordinates. Supersymmetry 
transformations are realized as differential operations involving spinor derivatives. 

Implementing the machinery of differential geometry, like differential forms, exterior 
derivatives, interior product, etc. on superspace gives rise to superspace geometry. In 
this framework supersymmetry and general coordinate transformations are described in 
a unified way as certain diffeomorphisms. Both the graviton and its superpartner, the 
gravitino, are identified in the frame differential form of superspace. 

The superspace formulation of supergravity ||157| , |100| , p.58| , |159| , |101| , |163|| and su- 
persymmetric gauge theory ||15(]| , |151|| is by now standard textbook knowledge jS^, |153| . 



A characteristic feature of this formulation is that the structure group in superspace is 
represented by the vector and spinor representations of the Lorentz group. 

This superspace geometry may be modified by adding a chiral U{1) to the structure 
group transformations, accompanied by the corresponding gauge potential differential 
form. Associated with this Abelian gauge group is an unconstrained pre-potential super- 
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field. By itself, this structure is called U{1) superspace | 105 |, it allows to obtain the known 
supergravity multiplets mentioned above: minimal, new minimal and non-minimal, upon 



applying suitable restrictions ||115 



The superspace description of the supergravity-matter coupling is obtained from f/(l) 
superspace as well: in this case the chiral U{1) is replaced by superfield Kahler transfor- 
mations. At the same time the unconstrained pre-potential is identified with the superfield 
Kahler potential |T8|, Q In this formulation, called Kdhler superspace geometry, 
or Uk{^) superspace geometry, the Kahler phase transformations are implemented ah ini- 
tio at a geometric level, the Kahler weights of all the super- and component fields are 
given intrinsically and no rescalings are needed in the construction of the supersymmetric 
action. The Kahler superspace formulation is related to the Kahler- Weyl formalism ||152| 
in a straightforward way [|T^] . 

The construction of the general supergravity/matter/ Yang-Mills system using the 
Kahler superspace formulation is the central issue of this report. 

In section || we review rigid superspace geometry in some detail, including supersym- 
metric gauge theory. Notational details are presented in appendix 0. Section |T| contains 
a detailed account of the Kahler superspace construction. A collection of elements of U{1) 
superspace can be found in appendix |B|. A more general setting which includes Kahler 
gauged isometries is treated in appendix Derivation of the superfield equations of 
motion is reviewed in appendix 

In section |^ we define component fields, their supersymmetry transformations and 
construct the complete component field action. The Kahler superspace formulation is par- 
ticularly convenient when the supergravity/matter/Yang-Mills system is to be extended 
to contain linear multiplets, Chern-Simons forms and 3-form multiplets, as explained in 
detail in sections |V| and |V|. Appendices ^ and |] contain complements to these sections. 

This report is not intended to provide a review of supersymmetry and its applications. 
It is rather focused on a quite special issue, the description of D = 4, = 1 supergravity 
couplings in geometric terms, more precisely in terms of superspace geometry. We have 
made an effort to furnish a self-contained and exhaustive presentation of this highly 
technical subject. 

Even when restricted to D = 4, = 1, there are many topics we have not mentioned. 
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among them supersymmetry breaking, quantization, anomalies and their cohomological 
BRS construction, conformal supergravity or gravitational Chern-Simons forms. 

Similar remarks apply to the bibliography. The references cited are rather restricted 
to those directly related to the technical aspects of differential geometry in superspace 
applied to supergravity couplings. Even though we cannot claim to have a complete 
bibliographical list and apologize in advance for any undue omissions. 
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II RIGID SUPERSPACE GEOMETRY 



We gather, here, some of the basic features of superspace geometry which will be useful 
later on. In section [II- 1| we begin with a list of the known off-shell multiplets in D = 
4:,N = 1 supersymmetry, recall the properties of rigid superspace endowed with constant 
torsion, and define supersymmetry transformations in this geometric framework. Next 



supersymmetric Abelian gauge theory is reviewed in detail in section |II-2| as an illustration 
of the methods of superspace geometry and also in view of its important role in the context 
of supergravity/matter coupling. Although very similar in structure, the non- Abelian case 



is presented separately in section pi-3| . In section [II-4| we emphasize the similarity of Kahler 
transformations with the Abelian gauge structure, in particular the interpretation of the 
kinetic matter action as a composite D-term. 



II- 1 Prolegomena 

II-l.l D = A, N = 1 supermultiplet catalogue 

Since the supersymmetry algebra is an extension of the Poincare algebra, Wigner's anal- 
ysis ||161[| can be generalized to classify unitary representations ||13(j| , |116| , [T^ , |5B| in terms 
of physical states. On the other hand, field theories are usually described in terms of local 
fields. As on-shell representations of supersymmetry combine different spins, resp. helici- 
ties, supermultiplets of local fields will contain components in different representations of 
the Lorentz group. A multiplet of a given helicity content can have several incarnations in 
terms of local fields. In the simplest case, the massless helicity (1/2, 0) multiplet may be 
realized in three different ways, the chiral multiplet, sometimes also called scalar multiplet 
1 56|| , the linear multiplet |7l|, |143|| or the 3-form multiplet which will be displayed 



below. At helicity (1, 1/2) only one realization is known: the usual gauge multiplet ||155| . 

5]. Finally the 



The (3/2, 1) multiplet has a number of avatars as well [|122| , p.23| , pl| , |8l 
(2,3/2) multiplet, which contains the graviton, is known in three versions: the minimal 
multiplet ||14?| , |67|] , the new minimal multiplet P, |145|| and the non-minimal multiplet 



This exhausts the list of massless multiplets in D = 4, N = 1 supersymmetry in 
the sense of irreducible multiplets. The massive multiplet of spin content (1, 1/2, 1/2,0) 
which will be presented below may be understood as a combination of a gauge and a 
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chiral multiplet. We just display the content of some of the off-shell supermultiplets that 
we shall use in the sequel, indicating the number of bosonic (b) and fermionic (f ) degrees 
of freedom (the vertical bar separates auxiliary fields from physical ones) 



• The chiral/scalar multiplet 



A 


2b 


complex scalar 




4f 


Weyl spinor 


F 


2b 


complex scalar 



The conjugate multiplet ~ (A , | F ), consists of the complex conjugate com- 
ponent fields. It has the same number of degree of freedom. 



• The generic vector multiplet 



V 



C 



H 



Vm, -^l, D 



c 


lb 


real scalar 




4f 


Major ana spinor 


H 


2b 


complex scalar 


Vm 


4b 


real vector 


Aa, A" 


4f 


Major ana spinor 


D 


lb 


real scalar 



This vector multiplet can occur in two ways in physical models: as a massive vector 
field and its supersymmetric partners or as a gauge multiplet. In the massive vector 
case all dynamical fields have the same mass, the Major ana spinors, </7q,, and 
Aq, A" combine into a Dirac spinor; the auxiliary sector contains one real and one 
complex scalar. 
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massive 



~ {C , Vm , ^ \ H , D){ 



C lb real scalar 

^ 8 f Dirac spinor 

Vm 4 b real vector 

H 2 b complex scalar 

D lb real scalar 



The gauge multiplet contains less dynamical degrees of freedom due to gauge trans- 
formations which have the structure of scalar multiplets. One is left with a massless 
vector, a Majorana spinor (the gaugino) and an auxiliary scalar 



Vc 



gauge 



Xc 

m , 



D 



The 2-form (or linear) multiplet 

A. 



-^linear 



Vjn 3 b gauge vector 
Aa,A° 4f Majorana spinor 
D lb real scalar 



L lb real scalar 

Aq,,A" 4f Majorana spinor 
bjnn 3 b antisym. tensor 



The number of physical degrees of freedom of b^n is 3 = 6 — 4 + 1. This multiplet 
contains no auxiliary field. 



The 3-form (or constrained chiral) multiplet 



(3) 



77° 



Y 



2 b complex scalar 
4 f Majorana spinor 
1 b antisym. tensor 

1 b real scalar 

The number of physical degrees of freedom of Cimn isl = 4 — 6 + 4 — 1. 



H 



Although this section is devoted to rigid superspace, to be complete, we include here the 
list of multiplets appearing in supergravity : 



• The minimal multiplet (12 + 12) 






6b 


graviton 




12 f 


gravitino 


ha 


4b 


real vector 


M 


2b 


complex scalar 



The new minimal multiplet (12 + 12) 



e - \V h 



e 


6b 


graviton 




12 f 


gravitino 


Vm 


3b 


gauge vector 


h-mn 


3b 


antisym. tensor 



The non-minimal multiplet (20 + 20) 



a ^™ It Xa Tq, q , , 

Cm , J \ "a , Ca , rpa y ^ I \ 





6b 


graviton 




12 f 


gravitino 


ha 


4b 


real vector 


Ca 


4b 


real vector 


AQ-1 A 


4f 


Majorana 




4f 


Majorana 


s 


2b 


complex scalar 



In this report we will only be concerned with the minimal supergravity multiplet. 
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We conclude the list of known = 1 supermuliplets with the (3/2, 1) multiplet [ITl 



46| , pq , |72| . It describes physical states of helicities 3/2 and 1, its off-shell realization 
contains 20 bosonic and 20 fermionic component fields. 

• The (3/2,1) muhiplet (20 + 20) 



Br, 



P J Y Th 

P 





3b 


gauge vector 


m } J- ma 


12 f 


Rarita-Schwinger 




4f 


Major ana 


P 


lb 


real scalar 


J 


2b 


complex scalar 


Ya 


4b 


complex vector 


Tba 


6b 


antisym. tensor 




4f 


Majorana 



The component field content displayed here corresponds to the de Wit-van Holten mul- 
tiplet It is related to the Ogievetsky-Sokatchev multiplet ||122|| by a duality relation 
|111| , similar to that between chiral and linear multiplet. Superspace descriptions are 



discussed in [87 



B4 . 



II-1.2 Superfields and multiplets 

The anticommutation relation, 

{Q„,Q"} = 2(a'^e)„"P„ 



(II-l.l) 



which relates the generators Qa and Q° of supersymmetry transformations to translations 
Pa in space-time is at the heart of the supersymmetry algebra. Superspace geometry, on 
the other hand, is based on the notion of superfields which are functions depending on 
space-time coordinates x"^ as well as on spinor, anticommuting variables 9°" and 9 a- Due to 
the anticommutativity, superfields are polynomials of finite degree in the spinor variables. 
Coefficients of the monomials in 9a are called component fields. 
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Supersymmetry transformations of superfields are generated by the differential oper- 
ators 

= ^ -zr(a'"e)/-^ (11-1.3) 

which, of course, together with Pa = —id/dx"' satisfy ( |II-1.1| ) as welL A general superfield, 
however, does not necessarily provide an irreducible representation of supersymmetry. 
The differential operators 

D'' = +2^°(a'"e)„°-^, (II-1.5) 

anticommute with the supersymmetry generators, i.e. they are covariant with respect to 
supersymmetry transformations and satisfy, by definition, the anticommutation relations 

{D^,D-} = 2^ia-eV^, (II-1.6) 

{D^,Df,} = 0, {D",D^} = 0. (II-1.7) 

These spinor covariant derivatives can be employed to define constrained superfields which 
may be used to define irreducible field representations of the supersymmetry algebra. 
The most important ones are 

• The chiral superfields (p, (f) are complex superfields, subject to the constraints 

D^<p = 0, D^cp = 0. (II-1.8) 
They are usually employed to describe supersymmetric matter multiplets. 

• The superfields VT", W^, subject to the constraints 

DaWa = 0, D^W = 0, (II-1.9) 
D'^Wa = D^W^, (II-l.lO) 

are related to the field strength tensor and play a key role in the description of 
supersymmetric gauge theories. 
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• The linear superfield L, subject to the hnearity constraints^ 

D'^L = 0, D^L = 0. (II-l.ll) 

As explained above, it describes the supermultiplet of an antisymmetric tensor or 
2-form gauge potential, as such it plays a key role in describing moduli fields in 
superstring effective theories. 

• The 3-form superfields Y, Y, are chiral superfields {DaY = 0, DaY = 0) with a 
further constraint 

O^r . O'Y ^ (II-1.12) 

with Hkimn, the field strength of the 3-form. These superfields are relevant in the 
context of gaugino condensation and of Chern-Simons forms couplings. 

The superfields L and VT", are invariant under the respective gauge transformations, 
they can be viewed as some kind of invariant field strengths. As is well known, geometric 
formulations of 1-, 2- and 3-form gauge theories in superspace exist such that indeed 



W°', Wa, L and F, Y are properly identified as field strength superfields with (|1I-1.9D 
( [11-1.12| ) constituting the corresponding Bianchi identities. 



II-1.3 Geometry and supersymmetry 

In order to prepare the ground for a geometric superspace formulation of such theories 
one introduces a local frame for rigid superspace. It is suggestive to re-express (|II-1.4|) - 



( [11-1.7| ) in terms of supervielbein (a generalization of Cartan's local frame) and torsion in 
a superspace of coordinates 2;*^ ~ (x"*, 6"^, ^^), derivatives Dm ~ {d/dx"^,d/d9^,d/d9^) 
and differentials dz^^ ~ {dx"" , dO^" , dO f,) . The latter may be viewed as the tangent and 
cotangent frames of superspace, respectively. The supervielbein 1-form of rigid superspace 
is 

= dz'^'Eu^, (II-1.13) 



^With the usual notations = D^Da and — DaD", which will be used throughout this paper. 
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with 



i ^m^ \ 



v 



I 



The inverse vielbein Ej^ ^ defined by the relations 



reads 



/ 5: 



\ 



(II-1.14) 



(II-1.15) 



The torsion 2-form in rigid superspace is defined as the exterior derivative of the vielbein 
1-form: 

dE"^ = = i^^E^TcB^. (II-1.16) 
Now, for the differential operators Da = {d/dx"' , Da, D") we have 

Da = Ea^'Oa 



(II- 1.17) 



{DcDb) = -Tcb^Da, (II-1.18) 

with the graded commutator defined as (-De, Db) = DqDb — {—)^'^DbDc with 6 = for 
a vector and 6 = 1 for a spinor index. The fact that the same torsion coefficient appears 
in ( [11-1. 18| ) and in ( |11-1.18| ) refiects the fact that dd = in superspace. To be more precise 
consider the action of dd on some generic 0-form superfield Application of d to the 
expression d^ = E^Db^, in combination with the rules of superspace exterior calculus, 
i.e. dd^ = dE^DB^ = E^E'^DqDb^ + {dE^)DA^, and the definitions introduced so 
far gives immediately 



» = -E^'E'' {{Db,Da)<I> + Tcb^Da<^) 



(II-1.19) 
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establishing the assertion. A glance at the differential algebra of the -D^'s, in particular 
( [1I-1.6I ), shows then that the only non- vanishing torsion component is 

T/"^ = -2i(a"e)^^. (II-1.20) 

Given the relation between supersymmetry transformations and the "square root" 
of space-time translations ( [11-1. 1[ ), we would like to interpret them as diffeomorphisms 
in superspace. The action of diffeomorphisms on geometric objects such as vector and 
tensor fields or differential forms is encoded in the Lie derivative, which can be defined in 
terms of basic operations of a differential algebra (suitably extended to superspace), i.e. 
the exterior derivative, d, and the interior product, i^, such that 

= L(^d + dL(^. (II-1.21) 

The interior product, for instance, of a vector field C, with the vielbein 1-form is 

i^E^ = e'Eu^ = C^- (II-1.22) 

The definition of differential forms in superspace (or superforms) and the conventions for 
the differential calculus are those of Wess and Bagger ||153|| -cf. appendix [A-l| below for 



a summary. Then, on superforms d acts as an ant i- derivation of degree +1, the exterior 
derivative of a p-form is a (p+l)-form. Likewise, acts as an anti-derivation of degree 
— 1 so that the Lie derivative L^, defined by (p.l-1.21|) , does not change the degree of 



differential forms. This geometric formulation will prove to be very efficient to construct 
more general supersymmetric or supergravity theories involving p-form fields. 
For the vielbein itself, combination of ( |11-1.16| ) and ( [11-1. 22| ) yields 



L^E^ = dC^ + LcT^. (II-1.23) 
On a 0-form superfield, the Lie derivative acts according to 

Lc_<^ = L^d^ = C^^Da^ = C^'^dM^- (II-1.24) 
The Lie derivative with respect to the particular vector field 

= {^e"{a^e)^''^^ + ^UcT^efaC , ^ , ^a), (11-1-25) 
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leaves the vielbein 1-form ( 11-1. 13| ), ( |11-1.14 ) invariant, i.e. 



L^E^ = 0. (II-1.26) 
This is most easily seen in terms of = i^^E^, which is explicitly given as 

e = {2t{ea^0 + HOcT^'O , r , 4). (11-1.27) 

Recall that L^E^ = d^^ + i^T^. This shows immediately that for the spinor components 
the equation is satisfied, because ^- is constant and T- vanishes. As to the vector part 
one keeps in mind that in rf^" = E^DbC,"' only the derivatives with respect to 6, 9 
contribute and compare the result 

= 2iE^{a^e)J^l^ + 2iE^{a^et^C 
to the expression for the interior product acting on = 2iE gE'^ [a"" e) , i.e. 



i^T^ = 2tE^{a\)^''^^ + 2iE^{a\r^C 



The Lie derivative of a generic superfield $ in terms of the particular vector field 
defined in ( [1I-1.27| ) is given as 

L^<^ = ^^Da<I> = iCQa + LQn^, (II-1.28) 

reproducing the infinitesimal supersymmetry transformation with Qa and Q°' as defined 
in dimi) and { fTT^i ). 

• Supersymmetry transformations can be identified as diff'eomorphisms of parameters 
which leave E^ invariant. 

Combining such a supersymmetry transformation with a translation of parameter e"-, we 
obtain 

= {e" + C)da^ + CDa^ + LD^^- (II-1.29) 
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The transformations with the particular choice e° = —^'^ of a ^ dependent space-time 
translation, will be called super-translations. They are given as 



(5$ = (r^a + ^d^") (II-1.30) 
These special transformations will be used in the formulation of supersymmetric theories 



(and in particular in supergravity |p.63|] ). Let us stress that for = = 0, supersymmetry 
transformations and super-translations coincide. The components of a superfield are 
traditionally defined as coefficients in an expansion with respect to 6 and 6. In the 
geometric approach presented here, component fields are defined as lowest components 
of superfields. Higher components are obtained by successive applications of covariant 
derivatives and subsequent projection to = ^ = 0. Component fields defined this way 
are naturally related by super-translations. The basic operational structure is the algebra 
of covariant derivatives. 

II-2 Abelian Gauge Structure 
II-2.1 Abelian gauge potential 

In analogy to usual gauge theory, gauge potentials in supersymmetric gauge theories are 
defined as 1-forms in superspace 

A = E^Aa = E^Aa + E'^Aa + EaA'^. (11-2.1) 

The coefficients Aa, Aa, A" are, by themselves, superfields. Since we consider here an 
Abelian gauge theory, A transforms under gauge transformations as 

A ^ A- g'^dg. (II-2.2) 

The gauge transformation parameters g are 0-form superfields and the invariant field 
strength is a 2-form, 

F = dA = ^E^E^Fba- (II-2.3) 



Observe that, following ( [1I-1.16|) a torsion term appears in its explicit expression: 

Fba = DbAa - {-T'DaAb + Tba^'Ac. (II-2.4) 
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By definition, ( 11-2.3 ), the field strength satisfies the Bianchi identity 

dF = 0. (11-2.5) 

Consider next a covariant (0-form) superfield $ of weight w{^) under Abelian super- 
field gauge transformations, i.e. 

$ A ^'"W^. (11-2.6) 

Its covariant (exterior) derivative, 

= E'^Va^, (11-2.7) 

is defined as0 

P$ = rf$ + tf;($) A$. (11-2.8) 

Covariant differentiation of (p^l-2.7|) yields in turn {w{V^) = w($)) 

VV^ = w($)F<l>, (11-2.9) 

leading to the graded commutator 

{Vb, Va)<^ = wi<^)FBA <f - Tba^Vc^. (11-2.10) 

Super-translations in superspace and infinitesimal superfield gauge transformations, g ~ 
1 + a, with a a real superfield, change A and $ into A' = A + 6 A and $' = $ + 5$ such 
that 

SA = L^F - d{a - t^A) (11-2.11) 

and 

6<i> = L^V<i> + w{(l>){a- L^A)(I>. (11-2.12) 

The combination of a super-translation and of a compensating gauge transformation of 
superfield parameter a = l^A gives rise to remarkably simple transformation laws. This 
parametrization is particularly useful for the definition of component fields and their su- 
persymmetry transformations. We shall call these special transformations: Wess-Zumino 
transformations, they are given as 

5wz$ = Li{D^, KzA = L^F. (11-2.13) 



^If <i>p is a p-form, we define it as I?$p = d$p + [~-Yw{<^p) A $p. 
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Let us stress that the formahsm developed here is well adapted to describe supersymmetry 
transformations of differential forms. 

So far, $ was considered as some generic superfield. Matter fields are described in 
terms of chiral superfields. In the context of a gauge structure the chirality conditions 
are most conveniently defined in terms of covariant derivatives. A superfield cf) is called 
covariantly chiral and a superfield (p is called covariantly antichiral, if they satisfy the 
conditions 

V% = 0, V^(j) = 0. (II-2.14) 

Observe that usually they are supposed to have opposite weights = — Consis- 
tency of the covariant chirality constraints (P-2.14|) with the graded commutation relations 
( |ll-2.iq ) implies then 

F^" = 0, Ff3a = 0. (II-2.15) 
Moreover, due to the (constant) torsion term in ( |1I-2.4|) , i.e. 

Fp'^ = Df.A" + D^Ap - 2z(or"e)/A„, (II-2.16) 

the condition 

Fp^ = (II-2.17) 

amounts to a mere covariant redefinition of the vector superfield gauge potential Aa- Given 
the constraints ( [11-2. 15| ) on F^a and F^", the properties of the remaining components F^^, 
F^a and Fba of the superfield strength Fba are easily derived from the Bianchi identities 
( P^ ) which readQ: 

iDcFBA + TcB''FDA) = 0. (II-2.18) 



(CBA) 

It turns out that the whole geometric structure which describes supersymmetric gauge 
theories can be formulated only in terms of the superfields and W"' such that 

Ff3a = +tCTaf,pW^, (II-2.19) 

F^a = -loi^^Wp, (II-2.20) 



Fba = -{ataf^D^W^ - -{ata)p"D^W^. (II-2.21) 
§ (CBA^ stands for the graded cyclic permutation on the super-indices CBA, explicitly defined as: 



f(CBA) 



(CBA) 

CBA ^ CBA + (-)"("+''UcB + 
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Furthermore the Bianchi identities imply the restrictions ( 11-1. 9| ), ( 11-1.10 ). In this sense 
these equations have an interpretation as Bianchi identities, providing a condensed version 

of (inn)- 



II-2.2 Solution of constraints and pre-potentials 

Equation ( |11-2.18| ) is the supersymmetric analogue of the geometric part of Maxwell's 
equations 

dcFba + daF,b + dbFac = 0, (II-2.22) 

which are solved in terms of a vector potential, Aa, such that Fba = dbAa — daAi,. In 
the supersymmetric case a similar mechanism takes place, via the explicit solution of the 
constraints ( [11- 1.91 ), ( [11-1. 1U| ). To be more precise these solutions can be written in terms 
of superfields T and U as 

A^ = -T-^DaT = -D^logT, (II-2.23) 

A° = ~U-^D^U = -D^logU. (II-2.24) 
Indeed one obtains from ( [II-2.19| ), ( |ll-2.2q) 

= +\D^D^\og{TU-^), ly" = +iz}2^"log(Tf/-i), (II-2.25) 

o o 

which is easily seen to satisfy ([1I-1.9[) , (p- 1.101) . The superfields T and U are called pre- 
potentials; they are subject to gauge transformations which have to be consistent with the 
gauge transformations ( |1I-2.2| ) of the potentials. However due to the special form of the 
solutions ( [II-2.23I ), ([II-2.24[ ), we have the freedom to make extra chiral, resp. antichiral, 
transformations, explicitly 

T ^ P T g, (II-2.26) 

U ^ QU g. (II-2.27) 

The new superfields P and Q parametrize so called pre-gauge transformations which do 
not show up in the transformation laws of the potentials themselves due to their chirality 
properties 

D^P = 0, = 0. (II-2.28) 
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The terminology originates from the fact that, due to the covariant constraints, the gauge 
potentials can be expressed in terms of more fundamental unconstrained quantities, the 
pre-potentials, which in turn give rise to new gauge structures, the pre-gauge transforma- 
tions. 

The pre-potentials serve to mediate between quantities subject to different types of 
gauge (pre-gauge) transformations g (P and Q ) and we can build combinations of these 
which are sensitive to all these transformations. For instance, the composite field T° U'' 
transforms under gauge and pre-gauge transformations as follows 

(T« f/^) ^ (T" U^) F 0""+^ (II-2.29) 

Now if we consider a generic superfield $ of weight w{^) as in ( [11-2. 6| ) and define 

$(a,6) = (T"f/^)""^*^<l>, (II-2.30) 

this new superfield $(a, b) is inert under g superfield gauge transformations if a + 6 = 1, 
but still transforms under chiral and antichiral superfield gauge transformations Q and 
P as 

$(a,6) ^ [(7('^+''-^)p"QT""^*^ $(a,6). (11-2.31) 

$(a, b) will be said to be in the (a, 6)-basis with respect to P and Q superfield pre-gauge 
transformations. It is convenient to introduce the corresponding definitions for the gauge 
potential as well 

A{a,b) = A + {T'^U^y^ d [T'^U'') 

= A + adlogT + bdlogU. (II-2.32) 

It should be clear that F{a, b) = dA{a, b) = F = dA, in any basis and thus that the 
superfields W"', Wa are basis independent. It is interesting to note that we can write 

A^{a,b) = {a-^)D^logT+{b-^)D^logU-^D^\ogW 

A^ia^b) = {a-^)D''\ogT+{b-^)D^\ogU + ^D^\ogW, (II-2.33) 

where the superfield W = (T U'^) is inert under g gauge transformations ( [11-2. 291 ), basis 
independent and transforms as 

W ^PWQ-\ (II-2.34) 
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Therefore, we can gauge away the T and U terms in the expressions for Aa{a,b) and 
A°'{a,b), but not the W one. The covariant derivative in the (a, 6)-basis is then defined 

as 

V $(a, b) = d $(a, b) + w{^) A{a, b) ^(a, 6), (II-2.35) 
and transforms in accordance with ( [II-2.30| ): 

D$(a,fe) = {T''U^y'"^'^^V^. (II-2.36) 

Again T'$(a,6) is inert under g gauge transformations if a + 6 = 1, so hereafter we will 
stick to this case and omit the label 6, unless specified. Observe now that 

(a,6) = ^ A,(i) = -lD„logiy, A<^(i) = +Vlogiy, 

(a, 6) = (1,0) ^ A„(1) = 0, A'^(l) = +D"logiy, 

(a, 6) = (0,1) ^ A«(0) = -D^logVT, A"(0) = 0. (II-2.37) 

The three particular bases presented in ( [11-2.37] ) are useful in different situations. Later on, 
in the discussion of Kahler transformations and in the construction of supergravity/matter 
couplings, we shall identify spinor components of the Kahler f/(l) connection with spinor 
derivatives of the Kahler potential, namely 

= ^D^K, A" = -\d^K. (II-2.38) 

Such an identification is easily made in the (|, |) base, called the vector basis: setting 

W = exp{-K/2), (II-2.39) 

we obtain ( [11-2. 38|) . Moreover, if we parametrize P = exp(— F/2) and Q = exp(F/2) 
(we take F and F since K is real) we obtain, given ( [11-2. 34[) , 

K ^ K + F + F, (II-2.40) 

the usual form of Kahler transformations. A generic superfield in this base, transforms 
as 

$(1) ^ e-^"'^*) $(i). (II-2.41) 
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In addition for the connection we obtain 



A(i) + ^rfImF, (II-2.42) 
where the vector component is, using ([II-2.17| ), 

ma = ^^a"° [Da, D^] K. (II-2.43) 

In other contexts (anomalies and Chern-Simons forms study) the (0,1) and (1,0) 
bases are relevant; we name them respectively chiral and antichiral bases. Indeed, let 
us consider the covariant chiral superfield (p, with w{(p) = +w, in the (0, l)-basis the 
superfield 0(0) = U~'^(j) transforms under Q-transformations only, 

0(0) ^ Q""0(O), (II-2.44) 

whereas the gauge potential has the property A°(0) = 0. Then, in this basis, the covariant 
chirality constraint for 0, (|II-2.14|) , takes a very simple form for 0(0): i5"0(O) = 0. Anal- 
ogous arguments hold for 0, with weight ty(0) = — w, in the (0, l)-basis, i.e. Da4>{l) = 0. 
So it is 0(0) and 0(1) which are actually the "traditional" chiral superfields, our and 
are different objects, they are covariant (anti)chiral superfields. We emphasize this point 
because to build the matter action coupled to gauge fields we shall simply use the density 

00 = 0(l)Vr'"0(O) = 0(1)6^^^0(0), (II-2.45) 

where we have defined 

W = e^^. (II-2.46) 

We thus recover the standard formulation of the textbooks in terms of non-covariantly 
chiral superfields 0(0), 0(1), with V the usual vector superfield; this is illustrated in 
section |1I-2.4| . The chiral and the antichiral bases are related among themselves by means 
of the superfield W, 0(0) = W"" 0(1). 

Similarly, A{1) and ^(0) are related by a gauge-like transformation 

A{0) = A{1) - W^^dW. (II-2.47) 

Finally, the basis independent superfields and Wa are easily obtained as 

= ^D^Do,V, W = ^D^D'^V, (II-2.48) 

which is nothing but the solution to the reduced Bianchi identities ( [1I-1.9| ), (|II-1.10|) . 
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II-2.3 Components and Wess-Zumino transformations 

Component fields are systematically defined as lowest components of superfields, expan- 
sion in terms of anticommuting parameters is replaced by successive application of covari- 
ant derivatives. In this approach the component fields of a chiral multiplet of weight w 
are defined as 

\ = A{x), V^<f) \ = V2xaix). V''V^<i) \ = -4F(x), (II-2.49) 

whereas those of the gauge supermultiplet are identified as 

Arn\ = tam, | = Wp\ = -zA^, V''W^\ = -2D. (II-2.50) 

Their Wess-Zumino transformations are obtained from ( |1I-2.13| ) in identifying $ succes- 
sively with 0, Pq,0 and V"'T>a4>- We obtain 

5wz^ = V2^x, (II-2.51) 
KzXa = +tV2{^cx"'e)^V^A+V2^^F, (II-2.52) 

5wzi^ = iV2{^cj'^)''V„aa + 2iw{^\)A. (II-2.53) 

The covariant derivatives arise in a very natural way due to our geometric construction; 
they are given as 

VmA = {dm + iwam)A, VmXa = {dm + iwam)Xa, (II-2.54) 
VmA = (dm - iwam)A, VmX" = idm-iwam)x'^. (II-2.55) 

As to the gauge supermultiplet, the supersymmetry transformation of the component field 
gauge potential Am is obtained from the Wess-Zumino transformation of the 1-form A in 
( |1I-2.13| ), projected to the lowest vector component, with the result 

Sy/z am = i{^(^m>^) + i{^^m>^) ■ (II-2.56) 

The corresponding equations of the gaugino component fields are obtained replacing $ 
with Wa and 

S^zX"" = -{^a"'"rfmn + ^C'D, (II-2.57) 

KzXa = -{^Cx"'nafmn-^^a^, (II-2.58) 
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where fmn = f^m^n — dnttm = —iFmn\ and we used the Abehan versions of ( |B-5.20| ), 
( P-5.21|) . Finally, for the auxiliary component we have 

5wz D = -e^T^S^A + e^x^S^A. (II-2.59) 

Observe that these are the supersymmetry transformations which would have been ob- 
tained in the Wess-Zumino gauge of the traditional approach. This is due to the definition 
of Wess-Zumino transformation in terms of particular compensating gauge transforma- 
tion. In this way the Wess-Zumino gauge is realized in a geometric manner. 



We should like to comment briefly on the implementation of R-transformations 137 



59| , [|60|] , [l6l| , related to a phase freedom on the superspace anticommuting coordinates, 



in the language employed here. As the role of 6, 9 is now taken by the covariant spinor 
derivatives, we assign to the latters R-parity charges of opposite sign to those of the 
corresponding 0's. This way it is easy to recover the usual arguments in the discussion of 
properties and consequences of R-transformations in supersymmetric theories. 



II-2.4 Component field actions 

We have seen how component fields and their Wess-Zumino transformations are obtained 
from the algebra of covariant superspace derivatives and projections to lowest superfield 
components. This kind of mechanism is applied to the construction of supersymmetric 
component field actions as well. 

Let us explain this with the example of the kinetic action of the chiral matter multiplet. 
The key idea is to consider the D-term of the gauge invariant superfield 00, given as the 
lowest component of the superfield D'^D'^cfxp. To be exact, this definition differs from the 
earlier one by a total space-time derivative, irrelevant in the construction of invariant 
actions. The explicit component field action is obtained expanding the product of spinor 
derivatives and using the Leibniz rule. When acting on or individually the ordinary 
covariant derivatives. Da, transmute into gauge covariant derivatives, T>a, giving rise to 
the expansion 

D^D^{(j)(j)) = (f)V'^&(f) + 2{V'^(j))Va&(f) + {V^(j))&(j) . (II-2.60) 
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At this point the algebra of covariant derivatives intervenes. The relations 

Vj)^ = -Ata^^^VaV^-8wWj , (11-2.61) 

p2p2^ = IQVVj - IQw W^V^ -8w^ D"W^ , (II-2.62) 

illustrate how gauge covariant derivatives will appear in the component field way in a 
completely natural way by construction. This should be contrasted with the method 
using explicit expansions in the anticommuting coordinates of superspace. In the approach 
pursued here, the component field action is simply obtained from combining ( [11-2. 61| ) and 
( [11-2.621 ) with ( [11-2.601 ) and projecting to lowest components, with the result 

ib ' 2 

+FF + w'DAA + iwV2{A\x- A\x) ■ (11-2.63) 

In this approach D^D"^ plays the role of the volume element of superspace. Again, as 
in the derivation of the Wess-Zumino transformations ( [11-2. 52[ ), ( [11-2. 53| ), the covariant 



spacetime derivatives appear in a very natural way as a consequence of use of covariant 
differential calculus, without recourse to the introduction of the vector superfield V . The 
relation between the present formulation and the traditional one is established in section 



11-2.2 



The kinetic terms of the gauge multiplet are derived from the superfield W°'Wa and 
its complex conjugate WaW". As W^Wa is chiral, and WaW°' antichiral, this will be 
achieved by a F-term construction. The relevant superfields we have to consider are 
therefore D'^{W°'Wq) and D'^(WaW°'). In the explicit evaluation we will make use of 
certain superfield building blocks, which are the Abelian fiat superspace versions of ( |E^ 
5.20|) , ([B-5.21| ) and (P-5.28[) , ([B-5.29[) . Simple spinor derivatives of the gaugino superfields 



are given as 



= -{a'"'e)p^F,a-epJ^, (11-2.64) 



D.W^ = -(ea''")..F,. + e..D, (11-2.65) 



with 



D = -^D'^W^, 
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the D-term superfield. Double spinor derivatives arising in the construction are 

D^W^ = Aia'^^d^W^, D^W^ = Aia'^^^dmW^. (II-2.66) 
It is then straightforward to derive 

D^W'^W^) = -2F^«Ffe, + StWa^^d^W - 40^ - te'''''''FA (II-2.67) 

D^W^W") = -2F'''Fba + ^iW^a^'^'^daW^ - 40^ + le'''''"' FdcFi^a- (II-2.68) 

Projection to lowest components identifies the component field kinetic terms of the gauge 
multiplet in0 

_lp2^«iy„ + ^2^^^")| = _l/-n/^^_lAcr"^9^A-^Aa"9„A + iD2, (II-2.69) 
io 4 2 2 2 

whereas the orthogonal combination yields a total space-time derivative. 

So far, we have illustrated the construction of the component field Lagrangian for a 
chiral matter multiplet with an Abelian gauge multiplet. The discussion of the F-term 
construction of mass term and self- interactions of the matter multiplet, arising from the 
chiral superpotential and its complex conjugate will be postponed to more interesting 
situations. 

As is clear from its supersymmetry transformation law, the component field D may 
be added to the supersymmetric action - this is the genuine Fayet-Iliopoulos D-term. In 
the terminology employed here, it arises from projection to the lowest component of the 
D-term superfield 

D = --D'^D'^Doy. (II-2.70) 
8 

From this point of view, gauge invariance 

V + i[K-K), (II-2.71) 

is ensured due to the fact that chiral and antichiral superfields are annihilated by the 
superspace volume element D°'D^Da = DaD^D"'. 

^The gauge coupling g may be restored explicitly: rescaling the components of the gauge multiplet by 
g and the pure gauge action by g~^. 
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As we have noted above, the kinetic term of the chiral matter multiplet may be viewed 
as a D-term as well, identifying V with 00. In this case the gauge invariance ( [11-2. 71|) 
indicates that the addition of holomorphic or anti-holomorphic superfield functions F{(f)) 
or F{(j)) will not change the Lagrangian. 

We have described here the simplest case of a supersymmetric gauge theory, a single 
chiral multiplet interacting with an Abelian gauge multiplet. 

Mass terms and self- interactions of the chiral multiplet, on the other hand, would arise 
from a F-term construction applied to 0^ and 0^ and their complex conjugates, for power- 
counting renormalizable theories, or to holomorphic and antiholomorphic functions W{(j)) 
and W{(f)) in more general situations. In the simplest case of a single chiral superfield 
with non-vanishing Abelian charge, as discussed here, this kind of superpotential terms 
are incompatible with gauge invariance. The construction of a non-trivial invariant su- 
perpotential requires several chiral superfields with suitably adjusted weights under gauge 
transformations. 

For the sake of pedagogical simplicity, we will now describe the superpotential term 
for a single chiral superfield, restricting ourselves to the case of a self-interacting scalar 
multiplet in the absence of gauge couplings. 

The F-term construction amounts to evaluate D^W and project to lowest superfield 
components, resulting in 

1 o 1 d^W dW 

- -D^W{<I>)\ = --^ ixx) + (II-2.72) 

for W and 

1 - „ Id'^W dW - 

- -D^W{c^) I = -2 ^ m) + ^F. (II-2.73) 

In the component field expressions, the holomorphic function W is to be considered as a 
function of the complex scalar A and correspondingly as a function of A. Combining 
the superpotential terms with the kinetic terms ( |II-2.63| ), for w = 0, and eliminating the 
auxiliary fields, F,F, through their algebraic equations of motion, F = —dW/dA, we 
obtain the on-shell Lagrangian 



1 d'^W , , 1 d'^W 



dW 



dA 



2 



(II-2.74) 
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for a single self-interacting scalar multiplet, the last term being just the usual scalar 
potential contribution. 

II-3 Supersymmetric Yang-Mills Theories 

The interplay between chiral, antichiral and real gauge transformation formulations, as 
encountered in the Abelian case, persists in the case of supersymmetric Yang-Mills theory. 
These properties arc not only of academic interest, but quite useful, if not indispensable 
in contexts like Chern-Simons couplings or supersymmetric chiral anomalies. 
The 1-form Yang- Mills gauge potential is now Lie algebra valued, 

A = E^Aa = E^A^^Tir). (n-3.1) 

the generators T(r) fulfill the commutation relations 

[Tm,T(,)] = ^C(,)(,)WT(i). (II-3.2) 

Under a gauge transformation, parametrized by a matrix superfield p, the gauge potential 
A transforms as 

A ^ g-'Ag - g-'dg. (II-3.3) 

Observe that this corresponds to a gauge transformation in the real basis, i.e. the param- 
eters of the gauge transformations are real unconstrained superfields. The covariant field 
strength is defined by 

^ dA + AA, (II-3.4) 

and transforms covariantly, 

JT ^ g-^J^g. (II-3.5) 

Its components are given by 

:Fba = DbAa - (-T'DaAb - {Ab, Aa) + Tba'^Ac, (II-3.6) 

exhibiting now, in addition to the derivative terms and the torsion term, the graded 
commutator {Ab,Aa)- 
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Due to its definition, the field strength, JF, satisfies Bianchi identities 

rijr = ^jr _ ^jr + jr^ = 0. (II-3.7) 

Consider next generic superfields $ and $ of gauge transformation 

$ ^ $ ^ g-^(l>, (11-3.8) 
so that is invariant. Covariant exterior derivatives = E^Va^ are defined as 

= + ^A, = d^- A^. (II-3.9) 
Double exterior covariant derivatives 

= +I>J', VV^ = - JF^, 

give rise to 

{Vb, Va)<^ = -J'ba^ - Tba^Vc^. (II-3.10) 

iVB,VA)^ = +^:Fba - Tba^Vc^. (II-3.11) 

In this framework, matter fields are described by covariantly chiral superfields, i.e. we 
specialize the generic superfields $ and $ to matter superfields and 0, which still trans- 
form under ( |II-3.8|) , but are required to be covariantly chiral and antichiral, respectively, 
i.e. 

V^cj) = 0, Va(f) = 0. (II-3.12) 

Compatibility of these conditions with the graded commutation relations ( p.l-3.10| ) and 
( [11-3. 11| ) above suggest to impose the constraints 

J^^'^ = 0, J^i3a = 0, (II-3.13) 

called representation preserving constraints. Furthermore, in view of the explicit expres- 
sion 

Tf3'^ = DpA" + D^Ap - {Ap, A^] - 2i{a^e)fs"Ac, (II-3.14) 
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the constraint 

J"/ = 0, (II-3.15) 

just corresponds to a linear covariant redefinition of tlie vector component, Aa, of the 
connection superfield. For this reason it is called a conventional constraint. 

As in the Abelian case, the constraints are solved in terms of pre-potentials. The 
representation preserving constraints ( [11-3. 13| ) suggest to express the spinor components 
of A as 

Aa = -T-^D^r, A^ = -U-^D^U, (II-3.16) 

in terms of pre-potential superfields U and T. Their gauge transformations should be 
adjusted such that they reproduce those of the gauge potentials themselves, that is 

T ^VTg, U^QUg. (II-3.17) 

Here, V and Q denote the pre-gauge transformations and are respectively antichiral and 
chiral superfields. 

Recall that A is the gauge potential in the real basis of gauge transformations; by 
construction, it is inert under the chiral and antichiral pre-gauge transformations. On 
the other hand, pre-potential dependent redefinitions of A, which have the form of gauge 
t r ansf ormat ions , 

^(1) = T AT-^ - TdT'\ (II-3.18) 
^(0) = U AU-^ ~ UdU~\ (II-3.19) 

give rise to new gauge potentials which are inert under the original g gauge transforma- 
tions and transform under chiral, resp. antichiral gauge transformations, i.e. 

A{1) ^ V A{l)V'^ -VdV'\ (II-3.20) 
^(0) ^ QA{0)Q-^ -QdQ-\ (II-3.21) 

The connections ^(1) = -E'"^^a(1) and ^(0) = E^Aa{S^) ^^^e a particularly simple form 
^"(1) = -WZ^"W-\ A(l) = 0, AU^) = '-D^A^il), (II-3.22) 
^a(O) = -W-^D^W, ^"(0) = 0, ^„^(0) = '-D^AM, (11-3.23) 
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expressed in terms of the combination 

W = TU-^ (II-3.24) 

with gauge transformations 

W ^ VyVQ-\ (II-3.25) 

The corresponding change of basis on the covariant chiral and antichiral superfields 
and is achieved via the redefinitions which have the form of gauge transformations as 
well, such that 

0(1) = T<f>, 0(1) = ^T-\ (II-3.26) 
0(0) = W0, 0(0) = ^U'K (II-3.27) 

In this case, we also obtain particularly simple chirality conditions for 0(0) and 0(1). The 
invariant combination 00 behaves under this change of bases as 

00 = 0(1) W 0(0). (II-3.28) 

The right hand side of this equation corresponds to the traditional formulation in terms 
of simply chiral, resp. antichiral fields, explicitly 

D"0(O) = 0, D^4>(1) = 0. (II-3.29) 

The supcrficld W provides the bridge between the chiral and antichiral bases. Setting 
W = cxp 2V, we recover the usual description of supcrsymmctric Yang-Mills theories. 

As before, the components of the field strength JF^^, J^^a and J-'^a can be expressed in 
terms of two superfields Wq, and their spinor derivatives, namely 

^Pa = +^<^a/?/3>V^ (n-3.30) 
J^^a = -i^f W^, (II-3.31) 
= lieauf^V^yV^ + l-icThaef'^V^W^. (II-3.32) 



The gaugino superfields Wa and fulfill 

VaW^ = 0, V^Wa = 0, (II-3.33) 
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= V^W^, (II-3.34) 

result of Bianchi identities. 
The superfields Wa and are the building blocks of the kinetic terms for the super- 
symmetric Yang-Mills action. Recall the field content of the Yang-Mills gauge multiplet: 
it consists of the gauge potentials a^nix), the gauginos A(x),A(x), which are Majorana 
spinors, and the auxiliary scalars D(x). All these component fields are Lie-algebra val- 
ued, they are identified in the gaugino superfields W° and Wq,, subject to the constraint 
conditions (ITPXS^), (|11-3.34|). 



The component fields are defined as lowest components of superfields; for the gauge 
potential we have 

I ~ if^m: (II-3.35) 

whereas the gaugino component fields are defined as the lowest components of the gaugino 
superfields themselves, 

Wa\ = -iXa, W"| = ir. (II-3.36) 

The Yang-Mills field strength = dmO,n — dnO-m ~ i[o-m, «n] and the auxiliary field 
D(x) appear at the linear level in the superfield expansion 

V^W^l = -^(ean^^f^^ + e^^Bix), (II-3.37) 

this means that the auxiliary field is identified as 

V'Wal = ^">V"| = -2D(x). (II-3.38) 

The Lagrangian for pure Yang-Mills gauge theory is then given by (we often use the 
shorthand notation = and = Wc,W") 

C = -—D^tT (W^) - —DHt (W^) . (II-3.39) 
16 16 V / 

As in the Abelian case, the gauge invariant product 00 provides both the kinetic terms 
for matter superfields and their minimal supersymmetric coupling to Yang-Mills fields. 
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II-4 Supersymmetry and Kahler Manifolds 

As explained by B. Zumino, supersymmetric non-linear sigma models have necessarily 
a Kahler structure |p.64|] . The complex scalars of the chiral matter multiplets have an 
interpretation as complex coordinates of a Kahler manifold and the supersymmetric com- 
ponent field Lagrangian is given a^ 

+ ^Rr^jj ixY) + 9^JF'F^■ (11-4.1) 

As a function of the scalar fields A* and A^, the Kahler metric Qij derives from a Kahler 
potential. The covariant derivatives 

VmXi = dmXa + ^^l drrA^ xL, = ^-X'"" + ^hjd^A^ x'", (11-4.2) 

contain the Levi-Civita symbols {ga^k denotes the derivative of ga with respect to A^) 

T\i = g''gk,,i, ^"^ = 9^9^.^. (n-4.3) 
whereas the quartic spinor terms exhibit the curvature tensor of the Kahler manifold, 

9ii,jJ 9kk r ij r ij. (II-4.4) 



The auxiliary fields, here, correspond to those of the diagonalized version in [ 164|| ; more 



details will be given below. The supersymmetry transformations of the chiral multiplet, 
which leave the action invariant are given as 

6A' = V2^x\ (11-4.5) 
Sxa = +tV2{^a"'e)^d^A' + V2^^F\ (II-4.6) 
SF' = tV2{^a"^rV^Xa. (II-4.7) 



^For the sake of clarity, we consider, here, only matter multiplets without gauge couplings. Cou- 
plings to Yang-Mills theory will be constructed later on, in the context of the complete super- 
gravity/matter/ Yang-Mills system in section [V, and gauged isometrics described in appendix ^ 
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As pointed out by B. Zumino in the same paper, the structure of the super symmetric 
non-hnear sigma model is most conveniently understood in the language of superfields. 
As he explained, the lowest component of the superfield 

^^Kahler = D^K {<P, ^) , 

lb 

reproduces exactly the component field Lagrangian given above. In other words, the 
kinetic Lagrangian may be understood as a Fayet-Iliopoulos D-term. The Kahler metric, 
defined as the lowest superfield component of (using the same symbols for the component 
and the superfield) 

dkk = ^ ,feo7p (II-4.8) 

the Levi-Civita symbol and the Kahler curvature appear in the process of successive ap- 
plication of spinor derivatives and subsequent projection to lowest components. Chirality 
of the matter superfields and the fact that the differential operator D°'D^Da = DaD^D°' 
annihilates chiral superfields, imply invariance under the superfield Kahler transforma- 
tions 

0) ^ K{<f), 0) + + (II-4.9) 

This shows that, in fact, the Kahler manifold is spanned by the chiral resp. antichiral 
matter superfields 0* and 0-^, i.e. a mapping from superspace into the Kahler manifold. 
Complex structure on the one hand, in Kahler geometry and chirality conditions on the 
other hand, in supersymmetry, give rise to intriguing analogies |]98| . 

In the following we will elaborate somewhat more on these geometric superspace as- 
pects, which will be of essential importance later on in the context of supergravity/matter 
coupling. The properties of the pre-potential V in the (5,5) basis of Abelian gauge the- 
ory -cf. section [II-2.2| - suggest to interprete K{(f), 0) as a particular, superfield dependent, 
pre-potentiaQ 



^°It should however be noted that, in distinction to section II-2.2, there are no phase transformations 
on the matter fields corresponding to Kahler transformations. In the language of section II-2.2, all the 
matter fields have weight zero. Non trivial Kahler phase transformations will only appear later on in the 
coupling of matter to supergravity. 
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Replacing the unconstrained pre-potential V by the Kahler potential K{(j), 0) we de- 
fine0 

Aa = +\d^K = +^KkD^<j)\ (II-4.10) 

A" = -^D'^K = —KiD^cjJ'. (II-4.11) 

Here resp. Kj, denote derivatives of the Kahler potential with respect to the superfield 
coordinates ip^ and (j)^. Following the construction in Abelian gauge theory we define 
furthermore 

^aa = ^ {D^A^ + D^A^) . (II-4.12) 
This corresponds to a conventional constraint. Substituting for and A^ yields 

^a = \ {Kida(f)' - Kjda^^ + ^af ^7,,-D,</.^D^(^^". (II-4.13) 

The expressions for A^, A'^ and Aa can be subsumed compactly in superform language, 

A = -iKd<P' - Kjdf) + '-E''at^g,p^<pW^^^. (11-4.14) 
4 o 

Let us note that this potential, A, transforms as it should {i.e. as a connection) under 
Kahler transformations, 

A ^ A + '!^dlmF. (11-4.15) 

We can now apply the machinery of Abelian gauge structure in superspace to determine 
the component field action as the corresponding D-term. First, applying the exterior 
derivative to A gives the composite field strength 2-form 

F = dA = \gijd<p'd^+ '-d (£;Vr(7yI^a0'l^a0'") . (II-4.16) 
Z o 

As in the generic Abelian case, the coefficients of F are expressed in terms of a single 
Weyl spinor and its complex conjugate, in particular 

Fpa = Ff^a = 'ifi'^^- (11-4.17) 

^^Normalizations are chosen for later convenience in the supergravity/matter system. 
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On the one hand and X" are given in terms of the Kahler potential 

1 



Xa — - 

on the other liand, identifying 

Xa = 
X" = 

Here we used the definitions 

F' = - 



X" = --D'^D^K, 
8 

.16|), we obtain 



4 



with second covariant derivatives defined as 

VbD^^' = DbD^ 



VbD^cIP = DbD^<P^ + V^iiDB<i)^D^(t)\ 



(II-4.18) 

(II-4.19) 
(II-4.20) 

(II-4.21) 

(II-4.22) 
(II-4.23) 



assuring covariance with respect to Kahler transformations and (ungauged) isometries of 
the Kahler manifold. Observe that, in terms of these definitions, the component field La- 



grangian will come out to be diagonal in the auxiliary fields ||164|| . Due to their definition, 
the superfields Xq,,X" have the following properties 



D'^X^ = 0, 



0, 



It is then easy to obtain the superfield expression of the Kahler D-term 



(II-4.24) 
(II-4.25) 



-D"Xa 
2 



1 

16' 



(II-4.26) 



with covariant derivatives defined above in (|II-4.22|) , (|1 1-4. 2 3D and the curvature tensor 
given in ( [11-4.41 ). Projection of this last equation to lowest superfield components results 
in the component field Lagrangian ( |1I-4.1| ). The construction presented here will be 
generalized later on and applied to the full supergravity/matter/ Yang-Mills system. 
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Ill MATTER IN CURVED SUPERSPACE 



The formulation of supersymmetry as a local symmetry naturally leads to supergravity, 
where the graviton, of helicity 2, has a fermionic partner, the gravitino, of helicity 3/2. 
The corresponding local fields are the vierbein em°'{x) and the Rarita-Schwinger field 
i^m^ix), iprna{x). As mentioned in section [11-1.1| , the different D = 4, N = 1 supergravity 
multiplets (minimal, new minimal and non-minimal) all contain the graviton and the 
gravitino, but differ by their systems of auxiliary fields. 

In the geometric formulation of supergravity, the vierbein em"'{x) is generalized to 
the frame superfield Em^ in superspace, describing the graviton and the gravitino in a 
unified way. The three different supergravity multiplets, as well as the coupling of minimal 
supergravity to matter, which will be presented here, are then derived from a superspace 
geometry in suitably choosing the structure group and torsion constraints. 

The choice of a structure group, which we take to be the product of Lorentz and chiral 
U (1) transformations, already determines the properties of superspace geometry to a large 
extent. 

Further specification derives from requiring appropriate covariant constraints on the 
torsion and curvature tensors, which, given the extension of the notion of space-time to 
superspace, acquire a plethora of new components. One distinguishes between geomet- 
ric and dynamical constraints. Geometric constraints help to restrict the properties of 
superspace geometry without leading to any dynamics, i.e. to any equation of motion. 
Dynamical constraints may then be imposed as further restrictions which imply equations 
of motion. 

Geometric constraints come in two categories: first, the so-called conventional con- 
straints which are used to absorb part of the torsion in covariant redefinitions of the 
Lorentz and U{1) connection and of the frame of superspace; second, the so-called rep- 
resentation preserving constraints, which arise from consistency conditions for covariant 
chiral superfields (essential for the description of supergravity/matter couplings) with 
their commutation relations. 

Different supergravity multiplets (minimal, new minimal or non-minimal) are obtained 
from different kinds of geometric constraints. 

As emphasized in the introduction, we will only consider the minimal multiplet of 
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super gravity, whose superspace description is briefly recalled in section |111-1| . 

We will then show in some detail how supergravity/matter/Yang-Mills couplings are 
obtained from a unified geometric setting by including superfield Kahler transformations 
in the structure group. 



In section 111-2 we show explicitly how this formulation can be obtained from the 



conventional one, |40, 42, p8l p9], by means of field dependent superfield rescalings. This 



leads in a natural way to the identification of the supergravity/matter system as a special 



case of U{1) superspace geometry whose structure is reviewed in section |111-3| . In section 



111-41 , we identify Kahler superspace as a special case of U{1) superspace geometry, define 
supergravity transformations and present invariant actions and equations of motion at 
the superfield level. 

III-l Minimal Supergravity 

In supergravity, the dynamical degrees of freedom are the graviton and the gravitino. 
They are identified as the local frame of space-time or vierbein, em°'{x), and the Rarita- 
Schwinger [ p.33|| field ^/'^"(a;), ipma{x). The supergravity action [^, ^ is then defined as a 
certain combination of the Einstein and Rarita-Schwinger actions, invariant under space- 
time dependent supersymmetry transformations relating the graviton and the gravitino. 
The commutators of these transformations only close on-shell, i.e. modulo equations of 
motion. In minimal supergravity ||147| , |67| , a complex scalar M, M and a real vector ba 



are added as auxiliary fields to avoid the appearance of the equations of motion at the 
geometric level and to define an off-shell theory. 

The formulation of supergravity in superspace |157| | provides a unified description of 
the vierbein and the Rarita-Schwinger fields. They are identified in a common geometric 
object, the local frame of superspace, 

= dz^EM^iz) , (lll-l.l) 

defined as a 1-form over superspace, with coefficient superfields Em^{z), generalizing 
the usual frame, e° = dx'^em°'{x), which is a space-time differential form. Vierbein and 
Rarita-Schwinger fields are identified as lowest superfield components, such that 

e^%x) = E^^^i, = ^^"| , ^^„^a(x) = Ema\. (111-1.2) 
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Correspondingly, as in ordinary gravity, one introduces super-coordinate transformations, 
thus unifying the usual general coordinate transformations and the local supersymmetry 
transformations as their vector and spinor parts, respectively. Local Lorentz transforma- 
tions act through their vector and spinor representations on and i?", E^- 

Covariant derivatives with respect to local Lorentz transformations are constructed by 
means of the spin connection, which is a 1-form in superspace as well, 

= dz'^'^MB^iz) . (III-L3) 

It takes values in the Lie algebra of the Lorentz group such that its spinor components 
are given in terms of the vector ones as 

= -^(^'")/^%a, = -lia'n'c.^ha. (III-1.4) 

These are the basic geometric objects in the superspace description of supergravity. The 
covariant exterior derivative of the frame in superspace, 

= dE^ + E^(Pb^ , (III-L5) 
defines torsion in superspace as a 2-form 

= -E^E^TcB^ . (III-L6) 

Likewise, the covariant expression 

Rb^ = d(PB^ + 0B^0c^ , (III-L7) 
defines the curvature 2-form in superspace, 

Rb^ = ^E'^E^'Rdc . (111-1.8) 

It is a special feature of supergravity that the curvature tensor is completely expressed 
in terms of the torsion and its derivatives . We do not intend here to give a complete 



and detailed review of this geometric structure; for a detailed exposition we refer to ||153|| . 
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Recall that superspace torsion is subject to covariant constraints 160 which im- 
ply that all the coefficients of torsion are given in terms of the covariant supergravity 
superfields 

R, R\ Ga, W^p^, W.^., (III-1.9) 

and their covariant derivatives. To be more explicit, the non- vanishing components of 
superspace torsion are 

T/" = -2i(a"e)/ , (III-l.lO) 

T-^ba = -i(TlryaR^ , T'^^ " = -iaJ'^R, (III-l.ll) 

% 3z 2 ■ 3^ 

Tyb" = -^G''{acab)-y"' + —S^^Gb , T^'ba = --^^"i^ccrby a ~ -^^^aGb , (III-1.12) 

As for Tcft" and Tcba, they will be interpreted later on as the covariant Rarita-Schwinger 
field strength superfields. They involve the superfields W^^a and W^^^ called Weyl tensor 
superfields, because they occur in the decomposition of these Rarita-Schwinger superfields 
in very much the same way as the usual Weyl tensor occurs in the decomposition of the 
covariant curvature tensor. 

The auxiliary component fields mentioned above appear as lowest components in the 
basic superfields R, R^ and Ga such that 

M{x) = -QR\, M{x) = -6R^\, ba = -3Ga\. (III-1.13) 

Consistency of the superspace Bianchi identities with the special form of the torsion 
components displayed so far implies the chirality conditions 

V^R^ = , V^R = , (III-1.14) 
'^o.W.^a = ' T^aWy^^ = , (III-1.15) 

as well as the relations 

VaR = V^Gaa , V'^R^ = -PaG"" ■ (III-1.16) 



Moreover 



V^R + V^R^ = --n + AG''Ga + 32R^R, (III-1.17) 
3 
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where TZ = Rab"'^ is the curvature scalar superfield. This relation is at the heart of 
the construction of the supersymmetric component field action. On the other hand, the 
orthogonal combination 

V^R-&R^ = AiVaG^ , (III-1.18) 

is a consequence of ( p.ll-1.16| ), it has an intriguing resemblance with the 3-form constraint 
in superspace -cf. ( |V1-1.2| ). 



The component field Lagrangian is obtained from the superspace integral |p.58 

•^supergravity 



Je, (III-1.19) 



where JE stands for J d?6dP6E, and E denotes the superdeterminant of Em^- Integration 
over dPOdPO yields the usual curvature scalar term, — |e7^, together with all the other terms 
necessary for the supersymmetric completion, with the usual canonical normalization. 

III-2 Superfield Rescaling 



In the conventional superfield approach ||152|| to the coupling of matter fields to super 



gravity, the superspace action for the kinetic terms is taken to be 

C^.^ = -3 [ec-^^^'^'^I (111-2.1) 



Given ( [111-1. 19| ) we may hope that, by a suitable modification of the superspace geometry, 
the factor exp(— 0)/3) can be absorbed into E; however this will be possible only 
if there are symmetries which allow such a modification, so let us analyze the situation 
in that respect. Supersymmetry transformations as well as general coordinate transfor- 
mations are encoded in the diffeomorphisms of superspace; precisely the action ( [1II-2.1|) 
is invariant under super- diffeomorphisms and thereby under supersymmetry and general 
coordinate transformations. The superspace geometry relevant to ( |111-2.1[ ) is that of the 



so-called minimal supergravity multiplet. The structure group in superspace in this case 
is the Lorentz group. By construction, ( |III-2.1|) is Lorentz invariant. 



In addition to super-diffeomorphisms and Lorentz transformations, which are symme- 



tries of the kinetic action (|III-2.1|) , superspace geometry allows also for a generalization of 
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dilatation transformations to the supersymmetric case, which are known as super- Weyl or 



Howe- Tucker transformations ||106|| . These are defined as transformations of the frame in 
superspace and of the Lorentz superfield connection which respect the torsion constraints 
and reduce to ordinary dilatations when supersymmetry is switched off. 

As a result, for the minimal supergravity multiplet, they change the frame of super- 
space in such a way that 

Em" ^ EAf"e^+^ (III-2.2) 



Em"- ^ e^^-^ ( Em" + -^./(eafe)" .P"E ) , (III-2.3) 



EMa ^ e^^-^ (^Em« + ^EM'(ea;,)/2^«Sj . (III-2.4) 
The chirality conditions 

P^S = 0, V^J: = 0, (111-2.5) 

of the superfield parameters S and S are a characteristic feature of the superspace geom- 
etry of minimal supergravity i.e. of the torsion constraints which model it. 

As a consequence of ( 111-2.2 ) - ( |111-2.4| ), the superdeterminant of the frame in super- 
space is subject to the following super- Weyl transformations: 

E ^ Ee2(^+^). (111-2.6) 

Since the Kahler potential K{(j),(f)) is inert under super- Weyl transformations, ( |lll-2.6 ) 
indicates that the kinetic action (pi-2.1| ) is not invariant. 
However, K{(f), 0) is subject to Kahler transformations 

ir(0,0) ^ K(0,0) + F(0) + F(0), (111-2.7) 

which by themselves are not an invariance of ( [111-2. 1| ) either. Then, it is easy to see that 
the kinetic superfield action is Kahler invariant, if together with ([111-2. 7|) , a compensating 
super- Weyl transformation |[152[| of parameters 

S = iF(0), E = ^F(0), (111-2.8) 
o o 

is performed. 
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In this way a Kahler invariant action in superspace is obtained which contains the 
kinetic terms for supergravity and matter superfields and leads to the correct result in 
the flat superspace limit. 

On the other hand, the component field action which derives from ( |111-2.1[ ) in the 



conventional approach, yields the correctly normalized Einstein action only after a field 
dependent rescaling of the component fields ||153|| . The correct Kahler transformations of 



the various component fields are then identified on the rescaled fields. 

These complications can be avoided, however, if one starts right away from Kahler 
superspace as explained below. In particular, Kahler transformations are then consistently 
introduced at the superfield level. Another way to understand this is to perform the 
rescalings directly in terms of superfields: this will give the explicit relation between 
the conventional superfield approach described just above and our Kahler superspace 
construction. 

The aim is therefore to absorb the exponential of the Kahler potential in ( [1II-2.1|) 
by means of a superfield rescaling of the frame in superspace. The first attempt might 
have been to employ a super- Weyl transformation. However, this does not work because 
the combination, S + S, of chiral and antichiral superfield in ( [III-2.6|) is not sufficient 
to absorb the more general real superfield K{(f),(l)) in ( |1II-2.1 ). On the other hand, the 



chirality (resp. anti-chirality) conditions on S (resp. S) are consequences of the invariance 
of the torsion constraints under the transformations ( [III-2.2|) - ( [III-2.4|) . If one is willing 



to give up this requirement, more general rescalings are possible, at the price of changing 
the torsion constraints and thus the superspace structure. We are therefore led to study 
more general transformations of the frame (and of the Lorentz connection) together with 
their consequences for the corresponding coefficients of the torsion 2-form. To be more 
precise, note that the arbitrary transformations of the vielbein Em^ and of the Lorentz 
connection (pMB^ 

= Em-Xa^, (III-2.9) 

^'mB^ = <PMB^ + XMB^. (III-2.10) 

change the torsion coefficients as 

T'cB^ = {~r-^'+^^X-'c-X-'B-{TcB^XA' + VcXb^ - {-Y^VbXc^) 
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+^ ^C^ XCB^ 



\cb - 



-1 B 



X' Xbc' 

For our present purpose it is sufficient to consider the superfield rescalings 



bfi'^X 
\ X / 



The superfield X and its complex conjugate X are arbitrary, furthermore 



X. 



iea.r^X-'V^iXX), 



(III-2.11) 



(III-2.12) 



(III-2.13) 



Xba = -(ea,)/X-ip,(XX). 



(III-2.14) 



( [111-2.141 ) differ from ( |111-2.2| ) - ( |111-2.4| ) only by the fact that X 



Observe that 



and X are, contrary to S and S, not subjected to any restrictions^. What are the effects 
of the superfield rescalings ( 1II-2.12| ) - ( [1II-2.14|) on the various torsion coefficients? First 
of all, note that these transformations leave the torsion constraints 



Ti a 



0, 
0, 



rpj$a _ g 



and 



/3 



-7 ^"y" ^11 

unchanged. It is well known that the torsion constraints 



T^b" — 0, 







and 



Tcb" = 0, 



(III-2.15) 
(III-2.16) 

(III-2.17) 

(III-2.18) 
(III-2.19) 



12 ( |III-2.2D - ( |III-2.4| ) can be obtained from ( |III-2.12D - ( |lll-2.14| ) by restricting X and X to be given 
as X = exp(2E - E) and X = exp(2S - E). 
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allow to determine the Lorentz connection in superspace completely in terms of Em"^- 
Likewise, the requirement that ([1II-2.18| ) and ( |III-2.190 are left invariant under ([1II-2.12| ) 
- (|III-2.14[ ) determines Xcfe" in terms of X and X, 



X-yba 



X ba 



Xcba 



2{aba)/{XX)-'V^{XX), (III-2.20) 

2{a,,)\{XX)-'V'^{XX), (III-2.21) 
r],a{XX)-'V,{XX) - r],,{XX)-'VaiXX) 

+ ^e,,UXX)-'V^iXX)iea''f.iXX)-'V'^{XX). (III-2.22) 



This means that Xb^ and Xcb"^ are now completely fixed in terms of the unconstrained 
superfields X and X. 

However, the remaining torsion constraints. 



rp a 



0, 







(III-2.23) 



and 



7 a 



0, T'^o. = 0, (III-2.24) 

are no longer conserved by the superfield rescalings ( [1II-2.12|) - ( [1II-2.14|) and ( |III-2.20| ) - 
( [111-2.221) . The new torsion coefficients take the form 



rp/ a 

J- 7/3 



T 



/ /3 

7 a 



■ A' 



with A ^ defined as 



-x-^{2X-^v^x + x-^v^x). 



The complex conjugate equations are 



1/7/3 



0-1/7 a 



A 



I 7 



X-^{2X-^V^X + X-^V^X). 



(III-2.25) 
(III-2.26) 

(III-2.27) 

(III-2.28) 
(III-2.29) 
(III-2.30) 



Next we examine the consequences of the superfield rescalings for the remaining torsion 
coefficients by solving the Bianchi identities in the presence of the new constraints or. 
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equivalently, by explicit calculation from ( |lll-2.1lO P^ In either case the tensor decompo- 
sitions of T'-yfea and T'^^q, do not change, i.e. 

T\ba = -ta!ryaR'\ (III-2.31) 

T'\° = -icxi'^R!. (III-2.32) 
The rescaled superfields R!^ and B! are related to the old ones by 

e!^ = x-^ - i [(xxy^v'Vo.ixx) + | , (111-2.33) 

R' = X'^ 1^ ~ ^ [{XXy^Vo^V^iXX) + I , (III-2.34) 
with the definitions 

Ya = (xxy^Vaixx), = (xxy^v^ixx). (111-2.35) 

The torsion coefficients T^b" and T'^ba, however, pick up additional terms under the su- 
perfield rescalings, 

--5,--af {{X-'Vp + Ap)A'p + {X-'V^ - A'^)Ap] , (III-2.36) 

T'\^ = liabcr^G"" - i5\G', 

+^5\af {{X-'Vp + + [X-^V^ - . (III-2.37) 



The rescaled superfield G'^^ = c^^G;, is defined as 



G'^^ = {XX)-' \g^p - ( P^] log(XX) + F^F^I . (III-2.38) 

The purpose of this detailed presentation of superfield rescalings and their consequences 
for the superspace torsion is twofold. First of all, in the case A ^ = 0, A' ^ = the usual 



""^•^ Solutions to the Bianchi identities in terms of i?, i?^ and Ga are presented in section III-3 and 
appendix H. 
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super- Weyl or Howe- Tucker transformations, which leave the torsion constraints invariant, 
are reproduced. Second, if X and X are kept arbitrary, the supervolume E of the moving 
frame in superspace changes as 

E' = E{XXf. (III-2.39) 
This shows that for the particular field dependent rescalings of parameters 

X = X = e-i^^(<^'^), (III-2.40) 
the kinetic action (pi-2.1|) takes the form 

£kin = -3 !e'. (III-2.41) 



That is, the kinetic Lagrangian action is the integral over a new superspace defined with 
the supervolume E' . In addition, in this case, from ( |lll-2.4q) and ( |1II-2.27|) , ([lll-2.3q) 
one obtains 

A', = +\v'^K{ct>, 0), (III-2.42) 

A'^ = ~V'"'K{(P, 0). (III-2.43) 
The primed spinor derivatives are, of course, given as 

V'^ = X-^V^ V'^ = X'^V"'. (III-2.44) 

At this stage it is very suggestive to interprete the additional terms in ( |111-2.25| ), ( |111- 



2.26| ) and ( |1II-2.28D , ( [1II-2.29|) not as unfortunate contributions to the torsion but rather 



as superfield gauge potentials associated to the structure group of a modified superspace 
geometry which realizes Kahler transformations as field dependent chiral rotations. To 
see this more clearly observe that the new frame is related to the old one by 

E'^; = e-i^(*•^)EM^ (III-2.45) 
^m" = e-i^^(<^'^) (^EM^^-^EM^iea^r^V^KicP,^)^, (III-2.46) 
E'ua = e-i^^(<^'^) (^Emo.- ^EM\eab)^''Vo,K{(P,^)y (III-2.47) 
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It is then easy to see that under the combination of Kahler transformations and compen- 
sating super- Weyl transformations these new variables transform homogeneously 

E'^" ^ E;/, (III-2.48) 

^m" ^ e-^i-^E;,", (III-2.49) 

E'm. ^ e+ii-^E;,„. (III-2.50) 

Indeed, these transformations represent chiral rotations of parameter —i/21mF and chiral 
weights w{Em"') = 0, w{Em"^) = 1, w^Emo) = —1- Likewise, by the same mechanism, the 
superfields R', R'^ and G'^^ undergo chiral rotations of weights w{R') = 2, w{R'^) = —2 
and = 0. 

The corresponding gauge potential 1-form in superspace is then identified to be 

A' = E'^A'a + E'^A'a + E'^A"", (III-2.51) 

with field strength F' = dA'. The spinor coefficients A'a and A'" are given by (P^II-2.42| ) 
and ( |111-2.43| ) and give rise to 

= 0, = 0. (III-2.52) 

The equation for the field strength -F'^" allows to determine the vector component 

A'a^ = \iV'^ + + \{V'^ - - \f'^^. (III-2.53) 

Comparing (|III-2.53| ) to (|III-2.36D , ( [1II-2.37|) and substituting appropriately yields 

TV = «(acfe)/G"^ + 25/(G", + ^F,') + 5/A',, (III-2.54) 

T'\^ = i{a,,)\G''-i5\{G', + ]^Fl)~5\^,. (III-2.55) 

Note that in this construction, A\ and F^ always appear in the combination A\ + i/2Fl. 

As a consequence of their definition, the coefficients of the connection 1-form A' change 
under transformations (|III-2.7| ), ( |1II-2.8|) as 

A'^ ^ e+i'^^{A'^ + ^V'^lmF), (III-2.56) 
A"^ ^ e-5i"^^(A'" + ^p'^^ImF), (III-2.57) 

A'a ^ {A'a+'-V'JmF). (III-2.58) 
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Taking into account the properties of the rescaled frame, the transformation law for the 
1-form A' in superspace becomes simply 

A' ^ A' + ^dlmF. (III-2.59) 

To summarize, the matter field dependent superfield rescalings of frame and Lorentz 
connection, which might have appeared embarrassing in the first place, because they 
changed the geometric structure, actually led to a very elegant and powerful description 
of matter fields in the presence of supergravity. The most remarkable feature is that, in 
the supersymmetric case, matter and gravitation lend themselves concisely to a unified 
geometric description. Due to the close analogy between the Kahler potential and the pre- 
potential of supersymmetric gauge theory it is possible to include Kahler transformations 
in the structure group of superspace geometry. They are realized by chiral rotations as 
explained in detail above and the Kahler potential takes the place of the corresponding 
pre-potential. The superspace potentials can then be used to construct Kahler covariant 
spinor and vector derivatives, Kahler transformations are thus defined from the beginning 
at the full superfield level and imbedded in the geometry of superspace. 

Furthermore, we have seen in ( |111-2.41| ), that the kinetic action for both supergravity 
and matter fields is given by minus three times the volume of superspace. Its expansion 
in terms of component fields gives immediately the correctly normalized kinetic terms for 
all the component fields without any need for rescalings or complicated integrations by 
parts at the component field level. 

III-3 ^(1) Superspace Geometry 

The result of the construction in the preceding section has a natural explanation in the 
framework of U{1) superspace geometry, which will be reviewed in this section. In this 
approach, the conventional superspace geometry is enlarged to include a chiral U{1) factor 
in the structure group. As a consequence, the basic superfields of the new geometry are the 
supervielbein Em^{z) and the Lorentz gauge connection (j)MB^{z) together with a gauge 
potential Am{z) for chiral U{1) transformations. These superfields define coefficients of 
1 -forms in superspace such that 

= dz'''EM^{z), (III-3.1) 



48 



<Pb^ = dz^'ct^MB^iz), (III-3.2) 

A = dz^^Auiz). (III-3.3) 

Torsion and field strengths are then defined with the help of the exterior derivative d in 
superspace 

= dE^ + E^(f)B^ + w{E'^)E^A, (III-3.4) 
Rb^ = d<PB^ + ^B^'^c^, (III-3.5) 
F = dA. (III-3.6) 

The chiral U{1) weights w{E^) are defined as 

wiE") = 0, wiE") = 1, w{E^) = -1. (III-3.7) 

The non-vanishing parts (pb"", (pp" , (f)^^ of (pB^ (the Lorentz connection) are related 
among each other as usual, 

0/3" = -^(^'")/06a, <l>^a = 'lic^'^^Jta. (III-3.8) 



As is well-known |^3[, for this choice of structure group, the Lorentz curvature and U{1) 
field strength, 

Rb^ = ^E^'e'^Rdc b^, (ni-3.9) 

F = ^E^E'^Fdc, (III-3.10) 
are completely defined in terms of the coefficients of the torsion 2-form, 

= ^E^E^TcB^, (III-3.11) 

and covariant derivatives thereof as a consequence of the superspace Bianchi identities, 

DT^ - E^Rb^ - w{E^)E^F = 0. (III-3.12) 

In the present case, covariant derivatives are understood to be covariant with respect 
to both Lorentz and U{1) transformations. The covariant derivative of a generic superfield 
Xa of chiral weight w{Xa) is defined as 

VbXa = Eb^'OmXa - (pBA^Xc + w{Xa)AbXa, (III-3.13) 
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with (graded) commutator 

{Vc, Vb)Xa = -Tcb^VfXa - RcB A^Xp + w{Xa)FcbXa. (III-3.14) 

The chiral weights of the various objects are related to that of the vielbein, E^, in a 
simple way, e.g. 

w{Va) = -w{E^), 
wiTcB^) = w{E^)-w{E^)~w{E''), 
w{RcBA^) = -wiE'')~wiE^'). (III-3.15) 

Finally, the vielbein E^, the covariant derivative Va and the U{1) gauge potential Aa 
change under chiral U{1) structure group transformations g as 

^ E^g^^^^\ (III-3.16) 
Va ^ g-'"^''^^-DA, (III-3.17) 
Aa ^ g-'^^'^'^AA-g-'EA^'OMg). (III-3.18) 

As said in the introduction, the choice of structure group largely determines the U{1) su- 
perspace geometry, which is further specified by appropriate covariant torsion constraints. 
For instance, combination of the covariant chirality conditions with the commutation re- 
lation ( [1II-3.14I) suggests 

T^^'^ = 0, T^^" = 0. (III-3.19) 



For a more complete presentation, we refer to |0, and references therein. Here, we content 
ourselves to sketch out the essential features of the resulting structure in superspace. 

First of all, we note that all the coefficients of torsion and of Lorentz and U{1) field 
strengths are given in terms of the covariant superfields R, R^ (respectively chiral and 
antichiral) and Ga (real) of canonical dimension 1 and of the Weyl spinor superfields 
W^f^a and W^0^ of canonical dimension 3/2. 

Moreover the only non-vanishing component at dimension zero is the constant torsion 
already present in rigid superspace, 

T^^" = -2t{a''e)^^. (III-3.20) 
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We then proceed in the order of increasing canonical dimension. At dimensionl/2, all the 
torsion coefficients vanish whereas at dimension 1 the above mentioned superfields R, 
and Ga are identified as 

T^ba = —icTlryaR' , T^b"' = 2 (III-3.21) 

T^fe" = -tarn , = -'-{a.a.y.G''. (III-3.22) 

The purely vector torsion is taken to vanish 

T,fe" = 0. (III-3.23) 

At dimension 3/2, the super-covariant Rarita-Schwinger (super)field strengths Tcb°' 
and Tcba are most conveniently displayed in spinor notation 

T^,^/ = <,a^T,/. (I1I-3.24) 

Together with Gaa = <^aa^a we obtain 

2 

^77 /3/3 a = +2e^^H^7^ + -e^fjieaf^Sj + ea^Sp) - 2e^(^Tj^, (III-3.25) 

= -\i1^,G^p + 1^,G^.)^ (111-3.26) 

= -V^R + ^V^'G^^ (111-3.27) 



and 



2 

^77 /3/3 a = '"^^iP^-yPa ~ ^^ll^i^aP^i + ^C'-yS^) + 2e^^r^i, (III-3.28) 

T^ja = +^iV^G(Sa + V(,G^^), (III-3.29) 

S-y = +V^R^ -^V^G^^. (111-3.30) 



The U{1) weights of the basic superfields appearing in ( |111-3.21| ), ( [111-3. 22| ) and ( PTT 
lOTD , ( |lll-3.3q ) are 

w{R) = 2, w{R^) = -2, 

w{Ga) = 0, (111-3.31) 
w{Wy^a) = 1, ^(W.pJ = -1- 
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As already mentioned above, the coefficients of Lorentz curvatures and U{1) field 
strengths are expressed in terms of these few superfields. At dimension one we obtain 

Rs-yba = 8{abae)syR\ (III-3.32) 

R'\a = SicTbaeY'^R, (III-3.33) 

Rs\a = -2^G"^(a^e),\,eba, (III-3.34) 
for the Lorentz curvatures whereas the chiral U{1) field strengths are given by 

= 0, = 0, (III-3.35) 

= 3(a'^e)/G',. (III-3.36) 

At dimension 3/2, we find 

Rsc ba = iCTcSS^bJ + i(^b5if^ca + icT^g^TbJ , (III-3.37) 

RKba = lat'TbaS + tat'T^aS + tcri'ThcS (III-3.38) 

and 



Fs, = -VsG, + -a^ss^', F', = -V'G, - -a'JXs, (III-3.39) 
with the definitions 



Xs = VsR-V^Gg^, = V^R^ + VsG^K (III-3.40) 

Finally, having expressed torsions, curvatures and U{1) field strengths in terms of few 
covariant superfields, the Bianchi identities themselves are now represented by a small set 
of rather simple conditions, such as 

V^W^.^ = 0, V^W^sa = 0, (III-3.41) 



or 



V'T.ba + V^nb" = 0, (III-3.42) 



for these superfields. A detailed account of these relations is given in |B-2 
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Let us stress, that the complex superfield R, subject to chirahty conditions 

V^R^ = 0, V^R = 0, (III-3.43) 

plays a particularly important role, it contains the curvature scalar in its superfield ex- 
pansion. As in our language superfield expansions are replaced by successive applications 
of spinor derivatives, the relevant relation is 

V^R + &R^ = --Rba - + 4:G''Ga + 32RR^. (III-3.44) 

3 3 

Interestingly enough the curvature scalar is necessarily accompanied by the D-term super- 
field V^Xa = —2D of the U{1) gauge sector, described in terms of the gaugino superfields 
Xa and X" subject to the usual chirality and reality conditions 

VaX^ = 0, V"X^ = 0, (III-3.45) 

V'X^ - V^X^ = 0. (III-3.46) 

This shows very clearly that generic U{1) superspace provides the natural framework for 
the description of gauged R-transformations [|10], [|146|| , [0, [0. Relation ([111-3 .441) 
shows that supersymmetric completion of the (canonically normalized) curvature scalar 
action induces a Fayet-Iliopoulos term for gauged R-transformations. 

At this point we wish to make a digression to indicate how the superspace geometry 
described above can be related to that of jii^/ one? restricted to the superspace geometry 
relevant to the minimal supergravity multiplet. To this end, call Aq the U{1) gauge poten- 
tial of the superspace geometry described here and Ai the U{1) gauge potential of \113J . 
The two (equivalent) descriptions are related through 

3? 

A, = A,- -E'^Ga. (III-3.47) 
On the other hand, the superspace geometry of ^153^ is recovered by 

A^ = 0, X„ = 0, X^ = 0, (III-3.48) 
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giving rise (among other things) to 

rpo.m a 



■yb 
rpo.m-y 



ba 



3z % 
-jS\G,--G%a,a,)\ 



(III-3.49) 
(III-3.50) 



and 



Vo,R = V^Go^a V^R^ = -Vo,G°". (III-3.51) 

In this sense U{1) superspace is the underlying framework for both minimal supergravity 
and its coupling to matter. Note, en passant, that in [|115|| the other two supergravity mul- 
tiplets, non-minimal and new minimal, have been derived from generic U{1) superspace 
as well. 



III-4 Formulation in Kahler Superspace 

As pointed out earlier, the description of supersymmetric nonlinear sigma models [I^ 
as well as the construction of supergravity/matter couplings |^ ^ |^, ^ 

is based on an intriguing analogy between Kahler geometry and supersymmetric gauge 
theory, which are both defined by means of differential constraints. In Kahler geometry the 
fundamental 2-form of complex geometry is required to be closed whereas supersymmetric 
gauge theory is characterized by covariant constraints as explained in section |1I-3| . The 
constraints imply that the Kahler metric is expressed in terms of derivatives of the Kahler 
potential whereas, on the other hand, the superspace gauge potential is expressed in terms 
of a pre-potential. Pre-potential transformations, which are chiral superfields should then 
be compared to Kahler transformations which are holomorphic functions of the complex 
coordinates. 

Matter superfields, on the other hand, are given by chiral superfields. It remains to 
promote the complex coordinates of the Kahler manifold to chiral superfields: holomorphic 
functions of chiral superfields are still chiral superfields. Correspondingly, the Kahler 
potential becomes a function of the chiral and antichiral superfield coordinates. The 
geometry of the supersymmetry coupling is then obtained by replacing the gauge potential 
in U{1) superspace by the superfield Kahler potential p8| . 
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In section [111-4. 1| we present the basic features of this geometric structure in a self- 
contained manner. In section |III-4.2| we include Yang-Mills interactions (-cf. appendix 
for their formulation in U{1) superspace). Gauged superfield isometrics of the Kahler 
metric are treated in appendix 0. We also study carefully the supergravity transforma- 
tions of the whole system. Finally in section [III-4.3| invariant superfield actions and the 
corresponding superfield equations of motion will be discussed. 



III-4.1 Definition and properties of Kahler superspace 

Kahler superspace geometry is defined as U{1) superspace geometry, presented in section 



111-3| , with suitable identification of the U{1) pre-potential and pre-gauge transformations 
with the Kahler potential and Kahler transformations. The relevant version of U{1) su- 
perspace geometry is the one where the f/(l) structure group transformations are realized 



in terms of chiral and antichiral superfields as described in ( |II-2.2|) for the (5,5) basis, 
where most of the work has already been done. As a matter of fact, the structures devel- 
oped there in the framework of rigid superspace are very easily generalized to the present 



case of curved U{1) superspace geometry. To begin with, the solution of (pi-3.35| ) is given 



as 

= -T-'E^'OmT, (III-4.1) 
A'^ = -U-^E^^'duU, (III-4.2) 

with Ea^^ now the full (inverse) frame of U{1) superspace geometry. As anticipated in 
section ( p.l-2.2D the geometric structure relevant to the superspace formulation of super- 
gravity/matter coupling is the basis (a, h) = (i, i). In this basis one has 

^a(l) = ~W-'Ej\i^)dMW, (III-4.3) 
= +^W-^E''^\i)dMW, (III-4.4) 



where W = T U ^ transforms as given in ( |II-2.34| ) . For the vielbein we have 



u(A) 



E\\) [PQ]" ^ E\^) (III-4.5) 
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and 



A-{1] 



(PQ)i/2 
(PQ)-^/^ 



A 



Ml 



\)dM logQ 



aM I 



D^MlogP 



(III-4.6) 
(III-4.7) 



In order to make contact with the superspace structures obtained in section 



we 



relate W to the Kahler-potential 0) and P and Q to the Kahler transformations 
and F{(j)). It is very easy to convince oneself that the identifications 



P = exp(-F(0)/2), 
Q = exp(+F(0)/2), 



(III-4.8) 
(III-4.9) 
(III-4.10) 



reproduce exactly the geometric structures obtained at the end of section [III-2| after 
superfield rescalings. The primed quantities defined there are identical with the U{1) 
superspace geometry in the (i, \) basis after the identifications ( |1I1-4.8| ) - ( |111-4.10| ), i.e. 



lA 



In particular, from ( [11-2. 34| ) we recover the Kahler transformations 

K(0,0) ^ + + 



(III-4.11) 
(III-4.12) 



(III-4.13) 



Moreover, ( |III-4.3| ), ( |III-4.4| ) reproduce ( |III-2.42|) , ( |III-2.43|) , and ([III-4.6I ), ([111-4.7] ) corre- 
spond exactly to (|lll-2.56[) , ( [111-2. 57[) . 

We have thus constructed the superspace geometry relevant for the description of su- 
pergravity /matter couplings and at the same time established the equivalence with the more 
traditional formulation. 

In this new kind of superspace geometry, called Kahler superspace geometry., or Uk{^) 
superspace geometry., the complete action for the kinetic terms of both supergravity and 
matter fields is given by the superdeterminant of the frame in superspace. Expression of 



56 



this superfield action in terms of component fields leads to the correctly normalized com- 
ponent field actions without any need for rescalings. Invariance under superfield Kahler 
transformations is achieved 'ab initio without any need for compensating transformations. 

The local frame is subject to both Lorentz and Kahler transformations in a well 
defined way. Covariance of the torsion 2-form is achieved with the help of gauge potentials 
and A for Lorentz and Kahler transformations respectively, 

= dE^ + E^(j)B'^ + w{E^)E^A. (III-4.14) 

The complete expression is the same as in f/(l) superspace geometry, except that the 
chiral gauge potential is no longer an independent field but rather expressed in terms of 
the Kahler potential K{(f),(j)). Hence this superspace torsion contains at the same time 
supergravity and matter fields! The Kahler transformations of A are induced from those 
of the Kahler potential, i.e. 

K(0,0) ^ + + (III-4.15) 

to be 

A ^ A + ^dlmF. (III-4.16) 
At the same time the frame is required to undergo the chiral rotation 

^ E^^-^,HE^)lmF^ (III-4.17) 

ensuring a covariant transformation law of the superspace torsion, 

^ yAg-|«,(i?^)ImF_ (III-4.18) 

Its coefficients are subject to the same constraints as those of U{1) superspace and there- 
fore the tensor decompositions as obtained from the analysis of superspace Bianchi iden- 
tities remain valid. For details we refer to appendix 

We shall, however, present in detail the structure of the U{1) gauge sector, in particular 
the special properties which arise from the parametrization of A in terms of the Kahler 
potential K{(f),(j)), namely 

Ac. = ^Ej'dMK{<f),^), A" = -^E''^'dMK{<f),^), (III-4.19) 
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3^ % 

v4„a - yG^a = 2 (^"^" + ^-^") • (III-4.20) 
It follows that its field strength 2-form, F = dA, has the spinor coefficients 

F/3a = 0, F^" = 0, = 3(a'^e)/Ga. (III-4.21) 

Of course, this reproduces the structure of the constraints already encountered in U{1) 
superspace which implies also 

F^a-jVpGa = +-a,ppX^. (III-4.22) 

F^a-^V^G. = -^^fX,, (III-4.23) 

with 

= V^R-V^G^a, (III-4.24) 

= V^R^ + V^G""^. (III-4.25) 

In the absence of matter, the superfields Xa,X°' vanish and we are left with standard 
superspace supergravity. In the presence of matter they are given in terms of the Kahler 
potential as 

Xa = -1{V'-8R)V^K{<P,^), (III-4.26) 

o 

X" = --(V^ -8R^)V^K{(f),(j)). (III-4.27) 
8 

These expressions are simply a consequence of the explicit definitions given so far. 
In an alternative, slightly more illuminating way, we may write A as|^ 

A = \{Kkd(t>^ - K-,d4>^) + (l2Ga + a:-guiD^(t>^V^4>^') , (III-4.28) 

where K]^ and Kj. stand for the derivatives of the Kahler potential with respect to (f)^ and 
(f)^, this way of writing A is more in line with Kahler geometry. The exterior derivative 

of A 

F = dA= ^gk-kd(PW + \ d [e'^ {l2Ga + aTgktP.(p''V^^^')\ , (III-4.29) 

^''Note that the term containing Ga originates from our particular choice of constraint ( [[II-3.36| ) i.e. 
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yields the superspace analogue of the fundamental form in ordinary Kahler geometry, with 
complex coordinates replaced by chiral superfields (the additional term is not essential 
and could have been absorbed in a redefinition of the vector component of A). 

This form of F is also very convenient to derive directly the explicit expression of Xa 
and of X" in terms of the matter superfields, avoiding explicit evaluation of the spinor 
derivatives in ( [1II-4.27|) , ( [1II-4.28|) . A straightforward identification in resp. 



shows that 



= -'-g,-,a:^V,<p'V''^^ + ^g,-,V^^'F\ (III-4.30) 
X° = + (III-4.31) 



Here we have used the definitions, 



F'' = F ^ = -^PV^- (III-4.32) 

The covariant derivatives are defined as 

= E^^dM(p^, V^^^ = F"^9m0^ (III-4.33) 

VbV^^ = EB^'dM^f^ - 4>b"^V^^^ + AbV^^ + T%Vb^'V''^~, (III-4.35) 

assuring covariance with respect to Lorentz and Kahler transformations and (ungauged) 
isometrics of the Kahler metric. The Levi-Civita symbols 

r'., = g'^gu,,, r% = g'~'gi,j, (III-4.36) 

are now, of course, functions of the matter superfields. Do not forget that, due to their 
geometric origin, the superfields Xa,X°' have the properties 

V^X^ = 0, = 0, (III-4.37) 

VXa = V^X^. (III-4.38) 
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As we shall see later on, the lowest components of the superfields Xa,X", as well 
as that of V^X^, appear in the construction of the component field action. In order to 
prepare the ground for this construction we display here the superfield expression of the 
Kahler D-term. It is 

+ (III-4.39) 

with covariant derivatives as defined above in (|III-4.34| ), (|III-4.35| ). The Riemann tensor 
is given as 

Rkkjj = 9kk,jj - 9^^ 9kT,jgik,3 ■ (III-4.40) 
The terminology employed here concerning the notion of a D-term may appear unusual but 
it is perfectly adapted to the construction in curved superspace, where explicit superfield 
expansions are replaced by successively taking covariant spinor derivatives and projecting 
to lowest superfield components. In this sense the lowest component of the superfield 
D^Xq, indeed provides the complete and invariant geometric definition of the component 
field D-term. 

In our geometric formulation, this Kahler D-term appears very naturally in the super- 
field expansions of the superfields i?, i?^ of the supergravity sector. To see this in more 
detail, recall first of all the chirality properties, 

Vo,R^ = 0, V^R = 0, (III-4.41) 

with R, i?^ having chiral weights w{R) = 2 and w{R^) = —2, respectively. For the spinor 
derivatives of the opposite chirality the Bianchi identities imply 

^aR = -ix„-^Ke),^T,,^ (III-4.42) 

VR^ = -^X'^-'^ia^'ef^n,^. (III-4.43) 

Applying once more suitable spinor derivatives and making use of the Bianchi identities 
yields 

V^R + &R^ = --Rba^ - -VX^ + AG^Ga + 32RRI (III-4.44) 
3 3 
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This relation will turn out to be crucial for the construction of the component field action. 



III-4.2 The supergravity /matter /Yang-Mills system 

Having established Kahler superspace geometry as a general framework for the coupling 
of supergravity to matter, it is quite natural to include couplings to supersymmetric 
Yang-Mills theory as well. In terms of superspace the basic geometric objects for this 
construction are 

• E"^ = dz^^ Em"^ the frame of superspace, 

• 0'^, 0'^ the chiral matter superfields, 

• M''^ = cLz^'Am^''^ the Yang-Mills potential. 

As we have already pointed out in section [1I-3| , Yang-Mills couplings of supersymmetric 
matter are described in terms of covariantly chiral superfields. It remains to couple the 
matter/ Yang-Mills system as described in section [11- 3| to supergravity, in combination 
with the structure of Kahler superspace. This is very easy. All we have to do is to write 
all the equations of section P^I-3| in the background of Kahler superspace. This will define 



the underlying geometric structure of the supergravity /matter /Yang-Mills systerr^Q 

As to the geometry of the supergravity/matter sector, the Kahler potential is now 
understood to be given in terms of covariantly chiral superfields. As a consequence, the 
composite U{1) Kahler connection A, given before in ( [III-4.28|) , becomes now 

A = ^-K, VcP^ - ^K-, Vf' + '-E^ (l2G, + a^'^g.-.V^cP'^V^f') , (III-4.45) 



simply as a consequence of covariant chirality conditions, the expressions ([1II-4.19 ), ( 111- 



[4.20|) for the components Aa being still valid. The covariant exterior derivatives 

Vcj)'' = dcj)^ - A^''^ (T(,)0)^ , V^^ = d^^ + (0T(,))*^ , (III-4.46) 

^^More generally, the complex manifold of chiral matter superfields, in the sense of Kahler geome- 
try, could be endowed with gauged isometrics, compatible with supersymmetry. We have deferred the 
description of the corresponding geometric structure in superspace to appendix see also . 
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appearing here are now defined in the background of Kahler superspace. The superfields 
Xq, X", previously given in ( |III-4.30| ), ([III-4.31|) , are still identified as the field strength 
components Fpa resp. a- They take now the form 



(r) 



(III-4.47) 



g,-, Va^' + i g,-, F' - W^^"" /C(,). (III-4.48) 



2 2 2 

The derivatives are covariant with respect to the Yang-Mills gauge structure and we have 
defined 

/C(,) = Kk (T(,)<^)' + (<^T(,))' . (III-4.49) 
Likewise, the Kahler D-term superfield -cf. ( |lll-4.39( ), 



-- g,j, al^ V^<P' + g,-, F'F 



k Tpk 



(III-4.50) 



receives additional terms due to the Yang-Mills couplings. Observe that covariant deriva- 
tives refer to all symmetries, the definitions ([1II-4.34 ), (|III-4.35 ) are replaced by 



+AbV''^^ + T%Vb(I)'V' 



(III-4.51) 



(III-4.52) 



with Ab identified in (|lll-4.450 . In terms of these covariant derivatives the superfields F^ 
and F^ are still defined as in ( III-4.32 ). 
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Based on this geometric formulation, we can now proceed to derive supersymmetry 
transformations in terms of superfields, as in appendix |C-3| , and in component fields, as 



in section |IV-3| . Invariant actions in superspace and superfield equations of motion are 



discussed below, section [11 1-4 .31 , and in appendix 0, whereas component field actions. 



derived from superspace, are given in sections |IV-4] and [IV- 5 



III-4.3 Superfield actions and equations of motion 

Invariant actions in superspace supergravity are obtained upon integrating superspace 
densities over the commuting and anticommuting directions of superspace. Densities, in 
this case, are constructed with the help of E, the superdeterminant of Em^- As we have 
already alluded to above, the supergravity action in standard superspace geometry is just 
the volume of superspace. In our present situation where both supergravity and matter 
occur together in a generalized superspace geometry, the volume element corresponding to 
this superspace geometry yields the complete kinetic actions for the supergravity/matter 
system. To be more precise, the kinetic terms for the supergravity/matter system in our 
geometry are obtained from 

"^supcrgravity+niattcr 3 (III-4.53) 

J * 

where the asterisk denotes integration over space-time and superspace. The action of the 
kinetic terms of the Yang-Mills multiplet, coupled to supergravity and matter, is given as 

whereas the superpotential coupled to supergravity is obtained from 

Aupcrpotcntiai = ^ /| e^/'W{<P) + ^ f ^e^/W{^). (III-4.55) 

Clearly, these actions are invariant under superspace coordinate transformations, what 
about invariance under Kahler transformations? 

First of all, the superfields R and i?^ have chiral weights w{R) = 2 and w{K^) = —2, 
respectively, so their Kahler transformations are 

R ^ Re-^'^""^, R^ ^ i?te+2iimF_ (III-4.56) 
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The Yang- Mills action is invariant provided the symmetric functions f{r){s)i<P) — f{s){r)i<P) 
and = /(s)(r)(^) ^-re inert under Kahler transformations. The superpotential 

terms are invariant, provided the superpotential transforms as 

W{(j)) ^ e-^W{(i)), ^ e-^W{^). (III-4.57) 

In this case, although neither the Kahler potential nor the superpotential are tensors with 
respect to Kahler transformations, the combinations 

e^/^W, e^/^W, (III-4.58) 

have perfectly well defined chiral weights, namely: 

w{e^^^W) = 2, w(e^/^W) = -2. (III-4.59) 

As to Yang-Mills symmetries, the kinetic term of the supergravity /matter system is ob- 
viously invariant, so is the superpotential term, by construction. The Yang-Mills term 
itself is invariant provided 

i{T^{p)<pT -Q^f(r){s){<P) = C(p)(r)^*Vw(.)('/') + C(p)(.)^*Vww('^)' (ni-4.60) 
-i{^T^{p)f ^hr){s){4>) = C(p)(,)W/(t)(,)(0) + C(p)(,)(*)/(t)(,)(0), (III-4.61) 

that is, provided f{r){s){'^) ^-nd f{r){s){4>) transform as the symmetric product of two adjoint 
representations of the Yang-Mills structure group. 

Wc still have to justify that the superfield actions presented above indeed correctly 
describe the dynamics of the supergravity/mattcr system. One way to do so is to simply 
work out the corresponding component field actions - this will be done in the next chapter. 
Another possibility is to derive the superfield equations of motion - this will be done here. 
To begin with, the variation of the action A — J d!^xL{x) for the supergravity/matter 
kinetic terms can be written as 

(^«4supergravity+Matter = "3 EHa^{ — )°', (III-4.62) 

J * 

where we have defined 

Hb^ = Eb^SEm^. (III-4.63) 
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This is not the end of the story, however. The vielbein variations by themselves are 
not suitable, because of the presence of the torsion constraints. Solving the variational 
equations of the torsion constraints allows to express the vielbein variations in terms of 
unconstrained superfields and to derive the correct superfield equations of motion ||158|| . 



In our case the matter fields must be taken into account as well. Again, their variations 
themselves are not good - we have to solve first the variational equations for the chirality 
constraints to identify the unconstrained variations. Similar remarks hold for the Yang- 
Mills sector. In appendix a detailed derivation of the equations of motion is presented; 
here we content ourselves to state the results: 

The complete action is given as 

-^Supergravity+Mattcr ~l~ Yang— Mills ~l~ -^Superpotential • (III-4.64) 

The superfield equations of motion are then: 

• Supergravity sector 

R - ^.(0) _ 0, (III-4.65) 

- ^e^/^ = 0, (III-4.66) 

+ lcTr9k-k'D^<P'V^^' - (/ + D Wj:^ Wi:^ = 0. (III-4.67) 

• Yang-Mills sector 

1 



+ 2 



Kk (T,,)0)' + Ki {4'Tir))'' + h.c. = 0, (III-4.68) 



Matter sector 

+ l^^^^'^^'^i'^ + ^""^"^^l^a (e^'W) = 0, (III-4.69) 



9.,F' + + e^/W±log {e^W) = 0. (III-4.70) 



65 



The lowest components in the superfield expansion provide the algebraic equations 
for the auxiliary fields. The equations of motion of all the other component fields of the 
supergravity/matter system are contained at higher orders in the superfield expansion. 
They are most easily obtained by suitably applying spinor derivatives and projecting 
afterwards to lowest superfield components. 
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IV COMPONENT FIELD FORMALISM 



The superspace approach presented in the previous section provides a concise and coherent 
framework for the component field construction of the general supergravity /matter /Yang- 
Mills system. Supersymmetry and Kahler transformations of the component fields derive 
directly from the geometric structure, the corresponding invariant component field ac- 
tion has a canonically normalized curvature scalar term, without any need of component 
field Weyl rescalings. This should be contrasted with the original component field ap- 
proach ^ |39|, where normalization of the action and invariance under Kahler 



phase transformations appeared only after a Weyl rescaling of the component fields or, 
equivalently, a conformal gauge fixing ||109| , |11(J|| . 



Anticipating on our results, we will see that the supergravity/matter Lagrangian (|ITT 



4.53|) , when projected to component fields, exhibits the kinetic Lagrangian density of the 



matter sector as a Fayet-Iliopoulos D-term, i.e. it has the decomposition 

£supergravity+matter -^supergravity ~l~ matter- (IV-0.1) 

Here e denotes the usual vierbein determinant e = det(em'^) and Dmatter is the D-term 
pertaining to the Abelian Kahler gauge structure of the previous section. More precisely, 
the component field D-term derived from Kahler superspace has the form 

D„,attcr = -\V''X^\ + ^^„."<^X'^| + ^V^„.^cr'"""X„|, (IV-0.2) 

where the vertical bars denote projections to lowest superfield components of the super- 
fields given respectively in ([1II-4.50| ), (|1II-4.47| ), (|III-4.48| ). Recall that a D-term in global 



supersymmetry may be understood as the lowest component of the superfield D°'Xa with 

X„ = ~D^D^K{ct>,4>). (IV-0.3) 

In this sense the Kahler superspace construction is the natural generalization of Zumino's 
construction ||164|| of supersymmetric sigma models. 



In subsection [LV-1| we identify component fields and provide a method to derive super- 

we 



covariant component field strength and space-time derivatives. In subsection IV- 2 



discuss some more of the basic building blocks useful for the component field formulation. 
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in particular for the geometric derivation of supersymmetry transformations of all the 
component fields, which are given explicitly in subsection [IV- 3| , and the component field 
actions, constructed in subsections [1V-4| and |IV-5 . 



IV- 1 Definition of Component Fields 

As explained already in section component fields are obtained as projections to lowest 
components of superfields. A supermultiplet is defined through successive application 
of covariant spinor derivatives and subsequent projection to lowest components, as for 
instance for the chiral multiplet in section |11-2.3| . Defined in this manner the component 
fields are related in a natural way by Wess-Zumino transformations. The structure of a 
super symmetric theory, in particular the construction of invariant actions, as in section 
|2.4| , is then completely determined by the algebra of covariant derivatives. This approach 
avoids cumbersome expansions in the anticommuting variables and provides a geometric 
realization of the Wess-Zumino gauge. It is of particular importance in the case of the 
component field formalism for supergravity, as will be pointed out here. 

In a first step we are going to identify the vierbein and the Rarita-Schwinger fields. 
They appear as the dx"^ coefficients of the differential form E"^ = dz^^EM^- It is therefore 
convenient to define systematically an operation which projects at the same time on the 
dx"^ coefficients and on lowest superfield components, called the double bar projection |11 . 
To be more precise, we define 

E^W = = rfa;"e„'^(x), (IV-1.1) 

^"11 = = Ux'^^Prn'^ix), E^W = e^ = ^dx^^tPmaix)- (IV-1.2) 

This identifies the vierbein field em"(x) and thereby the usual metric tensor 

gmn = em^Cn^ab, (IV-1.3) 

as well as the gravitino field ipm", i^ma, which is at the same time a vector and a Majorana 
spinor. The factors 1/2 are included for later convenience in the construction of the 
Rarita-Schwinger action. 
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The definition of component fields as lowest superfield components defines unambigu- 
ously their chiral Uxi^) weights due to the geometric construction of the previous section. 
As a consequence, the vierbein has vanishing weight whereas the Rarita-Schwinger field 
is assigned chiral weights 

wi^Prnn = +1, wi^jj^^) = -1. (IV-1.4) 



The remaining component fields are defined as 

1 ] 
-M, RU = — 

6 ' I 6 ' "I 3 



R\ = -]:M, = -Im, Ga\ = -\ba, (IV-1.5) 



with chiral Uk{^) weights 

w{M) = +2, w(M) = -2, w{ba) = 0. (IV-1.6) 

The vierbein and Rarita-Schwinger fields together with M, M and ba are the compo- 
nents of the supergravity sector, M, M and ba will turn out to describe non-propagating, 
or auxiliary fields. 

Supergravity in terms of component fields is quite complex. However, when derived 
from superspace geometry a number of elementary building blocks arise in a natural way, 
allowing to gather complicated expressions involving the basic component fields and their 
derivatives in a compact and concise way. 

As a first example we consider the spin connection. In ordinary gravity with vanishing 
torsion, the spin connection is given in terms of the vierbein and its derivatives. In the 
supergravity case it acquires additional contributions, as we explain now. To begin with, 
consider the torsion component T"" = dE"" + E^(j)b°', which is a superspace 2-form. The 
component field spin connection is identified upon applying the double bar projection to 

(/.fc^ll = Ub"" = dx^U^mb\x). (IV-1.7) 

Defining 

0/11 = a;/ = rfx™^^/(a;), /^|| = = dx^uj^{x), (IV-1.8) 
for the spinor components, ( III-1.4|) gives rise to the usual relations 



= -^(a''^)/^™6a, Ujj^ = -^ia'^f ^UmM. (IV-1.9) 
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Then, applying the double bar projection to the full torsion yields 

T^w = ^dx"'dx''T^rn''\ = c^e" + eW = De\ (IV-1.10) 
In this expression the exterior derivative is purely space-time. Using moreover 

Tnm I T-^n^m T-^ra^n i (IV-1.11) 

the component field covariant derivative of the vierbein is identified as 

Vnem"" = dnCm" + ej^nb- (IV-1.12) 

Seemingly this is the same expression as in ordinary gravity, so how does supersymmetry 
modify it? To this end, we note that the double bar projection can be employed in an 
alternative way, in terms of the covariant component field differentials defined above. 
Taking into account the torsion constraints, in particular T^h" — 0, this reads simply 

T^W = e^e^T/"|, (IV-1.13) 

where only the constant torsion coefficient T^^"' — — 2i((7"e)^^ survives. Combining the 
two alternative expressions for T"|| gives rise to 

T'nem'' - V^en" = '-{ll^n<j''i^m " '4^m<j''i^n) ■ (IV-1.14) 

In view of the explicit form of the covariant derivatives, it is a matter of straightforward 
algebraic manipulations to arrive at (cr^ = e^"(7a) 

2 V ^p^na t^n ^m'^p '^p ^n'^maj 

'i _ _ _ 

+ ^{'^p CTm'tpn - i^mCTni^p - ll^nCTpll^m) 

% — — — 

-^{i^n(^mi'p - ■ipm(^p1pn " V'p (^n'ipm)- (IV-1.15) 

This shows how oumb"' is expressed in terms of the vierbein, its derivatives and, in the 
supersymmetric case, with additional terms quadratic in the gravitino (Rarita-Schwinger) 
field. 
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The Rarita-Schwinger component field strength is given terms of the covariant deriva- 
tive of the gravitino field. As a consequence of the non- vanishing chiral Uk{^) weights 
( [lV-1.41 ), contributions from the matter sector arise due to the presence of the component 

A\\ = dx'^Amix), (IV-1.16) 

of the Uxi^) gauge potential. In order to work out the explicit form of Am{x), the double 
bar projection must be applied to the superspace 1-form 

A = -^K,V<P^ - \k-,V4>^ + '-E'^ (l2G, + aTg,-,V^ct>^V^4>^') , (IV-1.17) 

as given in ( [ill-4.45| ). This in turn means that we need to define first matter and Yang- 
Mills component fields and their covariant derivatives. Recall that the exterior Yang-Mills 
covariant derivatives are defined as 

V(l)^ = dcj)^ - A^'^ {T^{r)(t)Y ' = + -^^'^ {^^{r)T ■ (IV-1.18) 

This shows that, for the definition of the component field Kahler connection Am-, we 
need at the same time the component fields for the matter and Yang-Mills sectors. The 
components of chiral, resp. antichiral superfields (f)^, resp. (f)^ are defined as 

0^1 = A\ = V2xt V^V^cl>^\ = -4F^ (IV-1.19) 

= A^, = V2xl, V^V^^^l = -4F^ (IV-1.20) 

with indices k, k referring to the Kahler manifold (not to be confused with space-time 
indices). As to the Yang- Mills potential we define 

^11 = ia = idx^'Um, (IV-1.21) 

whereas the remaining covariant components of the Yang-Mills multiplet are defined as 

= iP, Wpl = VWal = -2D. (IV-1.22) 

Recall that all the components of this multiplet are Lie algebra valued, corresponding to 
their identification in ^ = A^''^T(^r) and = J^(^)T(^). We can now apply the double bar 
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projection to A and identify ^|| = dx"^ A^ix), where, for reasons of notational economy, 
the same symbol A^ for the superfield and its lowest component, i.e. Am{x) = Am\, is 
used. We obtain the explicit component field form by the double bar projection of the 
covariant exterior derivatives of the matter superfields, i.e. 

D^'^ll = dx"' (^dmA' - (T(,)A)') , = dx"' (^d^A^ + zaM (AT(,))') , 

suggesting the definitions 

V^A'' = dmA^ - (T(,)A)' , V^AJ' = dra'A^ + (AT(,))' . (IV-1.23) 

It is then straightforward to read off the explicit component field expression 

Am^\eA = \kj,V^A^ - ^-Kj,V^A^ +'-g^j,x'^mx\ (IV-1.24) 

this field dependent Kahler connection will show up in any covariant derivative acting 
on components with non-vanishing f/x(l) weights. The spinor components of the Kahler 
connection are field dependent as well, they are given as -cf. ( [111-4.201) - 

A^\ = ^K,xt, = -^K-,xl. (IV-1.25) 

These terms will appear explicitly in various places of component field expressions later 
on as well. 

We can now turn to the construction of the super- covariant component field strength 
Tcb-\ for the gravitino. The relevant superspace 2- forms are T" = dE'^+E^ipp^+E"' A and 
its conjugate T^. The double bar projection of the field strength itself is then (a = a, a) 

T^ll = ]^dx'^dx^T^J^y (IV-1.26) 

where 

T„,„-| = i(P„^.,„--W). (IV-1.27) 

contains the covariant derivatives 

I^n^rn" = + ^^^a;„;3" + ^-m" v4„, (IV-1.28) 

'Dn^ma = dn^ma + ^rn^^rf a - ^ma An- (IV-1.29) 
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On the other hand, we employ the double bar projection in terms of the covariant differ- 
entials, 

T"|| = leVT,fe°| +eVT^fe°| +e%T^b"|, (IV-1.30) 

and similarly for T^. Using the explicit form of the torsion coefficients appearing here, and 
comparing the two alternative forms of T-|| gives rise to the component field expressions 

-^(ec'^V^^cT, - er^m^cTM, (IV-1.31) 



and 



1 _ _ 

-^{eri^m(Tb - er^^cTe)^ M, (IV-1.32) 

for the super-covariant gravitino field strength. The contributions of the matter and 
Yang-Mills sector are hidden in the covariant derivatives through the definitions given 
above. 

Yet another important object in the component field formulation is the super-covariant 
version of the curvature scalar, identified as Rab°'^\- We use the same method as before 
for its evaluation; the relevant superspace quantity is the curvature 2-form 

= + (t)b'(P,\ (IV-1.33) 

The double bar projection yields 

Rb'^W = ^dx^^dx^Rr^mb^l (IV-1.34) 

where Rnmb"'\ is given in terms of ujmb""- Note that, in distinction to ordinary gravity, the 
explicit form of uj^b"', given above in ([1V-1.15|) contains quadratic gravitino terms, which 
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will give rise to complicated additional contributions in Rnmb^\- Fortunately enough, 
in the present formulation, the projection technique takes care of these complications 
automatically in a concise way. As to the curvature scalar, we use the notation 

nix) = e,"eri?„m"'|. (IV-1.35) 

The relation between Rab"''^\ and Tl(x) is once more obtained after employing the double 
bar projection in terms of covariant differentials, i.e. 

Rb"\\ = ^eVi?rfeb"| + e'e^Rscb^l + ^eXe^Rsjb^l (IV-1.36) 

Although our formalism is quite compact it requires still some algebra (the values of the 
curvature tensor components present on the right-hand side can be found in appendix 
B-3| .) to arrive at the result 

-^M7/;„a'">„ - ^M^„a"^>„ - '-e^'^^'^bk^Pia^^n. (IV-1.37) 

Observe that this simple looking expression hides quite a number of complicated terms, 
in particular Rarita-Schwinger fields up to fourth order as well as contributions from the 
matter and Yang-Mills sectors. 

Fully covariant derivatives for the components of the chiral superfields (to make things 
clear we write the spin term, the Uk{^) term, the Yang-Mills term and the one with Kahler 
Levi-Civita symbol - in this order) are defined as 

V y'' = d -Lu '^y'' - Ay'' 

-za« (T(,)X«)' + Xa r'., VmA\ (IV-1.38) 

-FzaW (rT(.))' + T%V^A^. (IV-1.39) 
In the Yang-Mills sector we apply the double bar projection to the field strength 

= dA + AA = ]^E^E^Tba. (IV-1.40) 
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Taking into account coefficients 

given in terms of the gaugino field, we establish the expression 

^ba\ = ieb^ej^idnam - d^an - i[an, a.m]) 



(IV-1.41) 



(IV-1.42) 

for the super-covariant field strength. The covariant derivatives of the gaugino field read 

T^mK = dmXa - i^mJ\ + i[am, K] + A^, (IV-1.43) 

V^y- = a^A°-^^%A'^ + 2[a„,A"] -A^A". (IV-1.44) 



IV-2 Some Basic Building Blocks 

We indicated above that one of the necessary tasks to obtain the Lagrangian is to derive 
the components of the chiral superfields X^, X". Their superfield explicit form was already 
derived -cf. ( [1II-4.47D , ([1II-4.48| )- but for the sake of simplicity, we give them here again, 

X X r ~ 



One infers -cf. ( |1II-4.50|) - 
2 



+^Rjjk-k l^a'P' V^^^ V^^- 
-g^j (0T(,))'" W„(^) + g.j (T(,)<^)* >V^(^) 
[Xk (T(,)0)' + (0T(,))' 



(IV-2.1) 
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where 



R 



did^gjj — g^^Qik^j dkij — didigjj — V'ij gktj- 



(IV-2.2) 



We see that the main effort is to obtain the component field expressions of super-covariant 
derivatives. Special attention should be paid to the super-covariant derivatives with re- 
spect to Lorentz indices. As an example, we detail the computation of T>a(f)^ | . The starting 
point is the superspace exterior derivative Vcp^ whose double bar projection reads 



(IV-2.3) 

On the other hand, in terms of covariant differentials and due to the chirality of 0*, we 
have 

Combination of these two equations gives immediately 



(IV-2.4) 



Similarly, 

The lowest components of the superfields Xq,,X" are then obtained as 

1 



(lV-2.5) 
(IV-2.6) 



1 



9kkX. 



ka pk _ "^y^iry 

2 



ir,(T(,)A)' + ir^(AT(,,))' 



(IV-2.7) 



(IV-2.8) 



As to — we infer that the first term in ( [lV-2.1 ) reads 



-g^Jg'^''V^A'V^A^ 



(IV-2.9) 
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We see that this term provides the kinetic term for the scalar components of the 
(anti)chiral matter supermultiplets (as promised, Dmatter contains all the derivative inter- 
actions of such fields). Likewise, 



Hence the second term in ( [IV-2.1|) yields 



V ^ 



(IV-2.10) 
(IV-2.11) 



1 



2V2 



(IV-2.12) 



We stress the presence of the kinetic term for the fermionic component of the matter 
supermultiplet. 

Altogether we obtain from ( [1V-2.1|) 



irfc(T(,)A)' + irs(^T(,))' 



-^(V^^aV^x^ - 2i,^x'g^^)g,,{V^A^ - ^^l,^x') 



(IV-2.13) 
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It is straightforward to obtain the other terms in Dmatter, the final result reads 



D 



matter 



(IV-2.14) 



K4T(,)/l)' + irs(AT(,))' 



In this expression, the covariant derivatives T>mA^ ^VmA^ are defined in ([IV- 1 .231) and 
( [1V-1.23| ). The derivatives VmX^a^^mX^" differ from X>mXL?^mX''" already introduced in 
( llV-1.381 ) and ( |1V-1.39| ) by the contribution of fe^^foa to Am -cf. (|IV-1.24|) . This allows 
to keep track of the complete dependence in the auxiliary field ha in order to solve its 
equation of motion later. Explicitly, 



^mX 



-\9fk{x'^mt) Xa + X^a (IV-2.15) 



+ ^9fk{x'^mX') X'^ + T^k-DmAK 



(IV-2.16) 



Finally, using the set of equations 



(IV-2.17) 
(IV-2.18) 
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we obtain, along the same lines as before, the lowest components of the super-covariant 
derivative of the Yang-Mills superfields {J-'ba\ has been given in (|IV-1.42|) ), 



2^ " PI 



(IV-2.19) 



where 



fmn = dmO-n- dnttm - ^[am, ^n], (IV-2.20) 

and the covariant derivatives VmX°','DmXa are defined in ( [IV- 1 .431 ), ( [1V-1.44| ). 



IV-3 Supersymmetry Transformations 

In the superspace formalism, supersymmetry transformations are identified as special 
cases of superspace diffeomorphisms. The general form of these diffeomorphisms is given 
in appendix |C-3| and we will use the results obtained there. 

Before writing these transformations at the component field level, we would like to 
stress a point of some importance in the process of generalizing supergravity transforma- 
tions to the Kahler superspace. For this we need the transformation law of the vielbein 
and of a generic (spinless) superfield $ under diffeomorphisms (^'"), Lorentz (A^^) and 
Kahler (A) transformations 



5$ 



+w{E^)iA-^^Ac)EM^, 

e''pB$ + w7(<i>)(A-e^Ac)<i'. 



(IV-3.1) 
(IV-3.2) 



Supergravity transformations are defined |[153|| by compensating the term ^^(pcB^ with a 
field-dependent Lorentz transformation 



A^^ 



K <PCB ■ 



(IV-3.3) 
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The point is that the same procedure cannot be followed for the Kahler transformation 
since A is fixed to be of the form 

A = „V-3.4) 

and generic terms proportional to the Kahler connection appear in the supergravity trans- 
formations, weighted by the Kahler weight of the field considered. 

Supergravity transformations, denoted by the symbol ^wz, are discussed in detail in 
appendix |C|. As in the remainder of this section we will be exclusively concerned with 
supergravity transformations, we will drop from now on the subscript in (5wz, supergravity 
variations will be denoted 6. 

• Supergravity sector 

The transformations of vierbein and gravitino are derived from ( |U-3.32|) , which reads 

-'-w{E^)EM^e{l'2Gt + cTrgk-kV^<p'V^4>'), (IV-3.5) 



Projecting to lowest components and using ( |IV-1.1| ), ([1V-1.2|) , ([1V-1.5|) , together 



with the torsions summarized in appendix ^ and 

ri = 0, n = r, a I = (iv-3.6) 



gives rise to 



Sem" = zea>^ + ^e>>m, (IV-3.7) 
^ ^^"-{Ki^x'-Kj^x'), (IV-3.8) 



2V2 

_ _ _ 

^ ^ma{K,ix'-Kix'). (IV-3.9) 



2V2 
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with 



(IV-3.10) 



Vmia = dm^a + ^^(^m'^a-^aAm, (IV-3.11) 



and Am given in ( [1V-1.24D . For future use, note that the determinant of the vielbein 
transforms as 

6e = eerde^'' = e{i^a^^/jm + t^a'^^Pm), (IV-3.12) 



and the am , <j"^ matrices as 



6a. 
6a 



maa 
maa 



5(e„Va„<i) = +tanaa{^a''tPm + ^(T''i:m), (IV-3.13) 
5(a''""e„'") = + (IV-3.14) 



The supersymmetry transformations of the components M, M and ba are derived 
from the supergravity transformations (|C-3.36D 



(IV-3.15) 



of the generic superfield $ after suitable specification. In a first step, projection to 
lowest components yields 

5$| = ^-V^<^\+^^V''<!>\-^w{<!>)(^KkCx''-K-,^t)^\. (IV-3.16) 

Substituting R, and Ga for $ and using the information given in appendix 0, 
in particular ( P-4.3|) - (P-4.6|) , it is straightforward to arrive at the transformation 
laws 



6M 



—M{K,ix'-Kfit') 



(IV-3.17) 
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SM 



1 , 



(eA«) (T(,)A)' + (AT(,,))'^ + — M{K, ix' - Kj ix 



1 



V2 



(IV-3.18) 



V2 



V2' 



(IV-3.19) 



Matter sector 

Let us first discuss the chiral superfield 0*. The supersymmetry transformation of 
the component field is derived from ( P-3.34|) 



(IV-3.20) 



upon straightforward projection to lowest components. As to the components xL 
and the situation is shghtly more involved. They are identified in the lowest 
components of the superfields and V^Vaip^ of respective chiral weights —1 

and —2. They are particular cases of a generic superfield of the type U*, with some 
chiral weight. The relevant equations in appendix |C| are (|C-3.271) - (|C-3.31| ) and 
( |C-3.36|) , ( |C-3.36|) . We have to consider a superfield U* (which is actually a mixture 
of the superfields $ and U* of appendix |Cp with supergravity transformation 

= e^r-AU* + rve^^^A^^u^ 



(IV-3.21) 
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This provides the supergravity transformations for and F*, once U* is replaced 
by T>a(t)^ and and the resuh projected to lowest components. Intermediate 

steps in the computation involve the covariant derivative relations 

Vf^V^cj)' = 2i{a''e)JVa(j)\ (IV-3.22) 

VpV"V^ct>' = '^{Vp,V"}V^<p' = 8R^Vp<p\ (IV-3.23) 

+R'jk-kT^^^^V''(f)''Va(j)^ - 8W(")^ (T(r)0)^ . (IV-3.24) 
As a final result we obtain the component field transformations 

6 A' = V2^x\ (IV-3.25) 

+ ±^^r^,{x'x') + ^Xaimx' - Kdxh, (IV-3.26) 

+v^r,fc(ex^)i^' - ^R',kk(x'x'')&) 

+ l=F\Kk^x' - Kdxh, (IV-3.27) 

where the relevant covariant derivatives are given in (|IV-1.23|) and ( [1V-2.15| ). The 
supersymmetry transformations for a general chiral superfield of non-zero weight w 
will be given in the next subsection -cf. ( |lV-4.1(j| ) - ( [1V-4.12| ). 



Similarly, for an antichiral superfield (p^ of supergravity transformation 

= ^^Va^\ (IV-3.28) 
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we use the relations 

Vf^V^4)^ = 2t{a\)JVa^\ (IV-3.29) 

V^VaV^cf)^ = 8RV^(I)\ (IV-3.30) 

+R\-,,Vf3<P'V^f'V''^ + SW/'-) (0T(,))\ (IV-3.31) 
to arrive at the component field transformations 

SA^ = V2^x\ (IV-3.32) 

+ l=Cr'fk{x'x') - ^r^Kk^x' - Kdxh, (IV-3.33) 
= iV2{^a^VmX')-i{^(r'^^m)F^ 

+V2P,dmF' - ^RVkdftmx") 

-l^F\Kuix' - Kdx'), (IV-3.34) 
after suitable projection to lowest components. 
Yang-Mills sectorf^ 

As to the supergravity transformation of the gauge potential = —iAm\, we 
project ( IC-3.231) 

SAm = Eu^'fJ^cB^ (IV-3.35) 



-"^^AU the fields below belong to the adjoint representation of the Yang-Mills group, (a„i,A, A, D) = 
(a„W,AW,AW,DM).T(r). 
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to lowest components and use ( [iV-1.42| ) to obtain 



6am = i(^o-mA) + i(^cr„A). (IV-3.36) 

Concerning the fermionic components A", Aq defined in ( [[V-1.22| ), the supersjmame- 
try transformations are obtained after identification of $ in ([[V-3.15|) with resp. 
VVq, and subsequent projection to lowest components. Using ( [lV-2.17] ), ( [1V-2.18| ) and 
the explicit form of J-'ba\ in ( [IV- 1 .421 ), we obtain 

SX» = (^a'"")"(-/„„ + ^V'ma„A + ^V'm^^„A) + zrD 

-^A"(ir,ex' - K-,^X'), (IV-3.37) 

+^A^(K,ex' - K-,^X'), (IV-3.38) 
with defined in ( [1V-2.20D . Finally, the transformation 



+ - - ^i^kcnl - t^k^iX), (IV-3.39) 

of the auxiliary field is obtained along the same lines. 



IV-4 Generic Component Field Action 



Although superfield actions, as discussed in section [111-4. 3| , are quite compact, and in 



variance under supersymmetry transformations is rather transparent, their component 
field expansions are notoriously complicated. In section [111-4. 3[ we have seen that the 



chiral volume element provides the generalization of the F-term construction to the case 
of local supersymmetry. The superfield actions for the supergravity/matter system, the 
Yang-Mills kinetic terms and the superpotential in ([111-4. 53| ), ( 111-4. 54[ ) and ([111-4. 55[ ) are 
all of the generic form 



^(r,r) = /"f r + h. c. , (IV-4.1) 
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with r a chiral superfield of U{1) weight w{r) = 2. The various superfield actions are then 
obtained from identifying r respectively with 



■''supergravity+matter 3-R, 4.2) 

rvang-MiUs = (0) W^^^^W^^) , (IV-4.3) 

and 

rsuperpotential = ^c'' ^^W {(j)) . (IV-4.4) 

We will proceed, in a first step, with the construction of a locally supersymmetric com- 
ponent field action a generic chiral superfield r, starting from the definition 

^(r,f)| = ^^r| + h. c. = jd^x C{r,v). (IV-4.5) 

In the following we will determine £(r, r) as a suitably modified F-term for the superfield 
r. Defining the components of r as usual, 

r = r|, s„ = -^T^ar\, f = -^P"P,r|, (IV-4.6) 

it should be clear that the F-term space-time density, i.e. the component field ef alone 
is not invariant under supergravity transformations. Calling 



/i = ef, (IV-4.7) 



we allow for additional terms 



h = X2^a, (IV-4.8) 
h = Asr, (IV-4.9) 

with field dependent coefficients Af, A3 of respective U{1) weights —1,-2. The strategy 
is then to use the supersymmetry transformations of the gravity sector, which are already 
known, and those of the generic multiplet to determine I2 and Z3, i.e. A2 and A3, such 
that li + I2 + h is invariant under supersymmetry, up to a total space-time derivative. 
The reader not interested in the details of the computation can go directly to ( [1V-4.21| ), 
( |1V-4.22| ) which summarize the results. 
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The supersymmetry transformation laws for the components of a superfield r of Kahler 
weight w = w{r) are be obtained from the general procedure exposed in section [1V-3| , they 
read 



6r 

6Sa 



w — 1 



6f 



2V2 

zv^(^>'"I?„s)-z(e>'"^,„)f 

— — 1 7111 

6 O 



(IV-4.10) 



(IV-4.11) 



w-2 
2V2 



(IV-4.12) 



Thus, specifying to the case w = 2 and using ( [1V-3.12| ) and ([IV-4.12|) , gives rise to 

(IV-4.13) 



- 5h 

e 



I {ia^i^m) f - ha + iV2 i^a^'V^s) 



+ (ea™a>^)(I)„r - -^^„s + ze,/6,r) + ^M^s + 2rl^X^. 

A glance at the transformation law ([iV-4.11| ) shows that the first term can be cancelled 
in choosing 

if — 

h = -^(V^™cr"^)"s„. (IV-4.14) 

In the next step we work out the supersymmetry transformation of the sum I1 + I2. Using 
( [1V-3.9| ) and ( |1V-3.14| ) we obtain 

-Kh + h) = V2isM + 2vl^X'' 



+1V2 (^(T™ V^s) + 1V2 (Vm^a'^s) 
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V2 

-4=(V^mfx'"s) + (IV-4.15) 

Again, requiring cancellation of the first term suggests to choose 

^3 = -eMr. (IV-4.16) 
Taking into account the supergravity transformation law ( [1V-3.18|) , we now obtain 

--^(^^a"s)(ea>„ + e>>n). (IV-4.17) 

Here, the first term can be cancelled with the help of another term of the type I3. Indeed, 
the transformation law ( [lV-3.9 ) suggests to take 

l'^ = -er^^a™^,. (IV-4.18) 

Using ( |IV^ ) and ( [1V-3.13| ), ( [1V-3.14| ), we find 

-61', = -4(P„e>""'V^™)r + «(e>V"^V'm)&ar + 2(efx'"V^^)Mr 
e 

-zr(7/>„a™>„)(ea^V^fc + ^a'iJk). (IV-4.19) 

Using the relation 

eea'^Vmv'' = d^{ev^ean + |(a''e) A"(e6"e„"^ - erea")^/^^^, (IV-4.20) 
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for integration by parts at the component field level and after some algebra together with 
( |A-2.58| ), we finally obtain 



5ik + l2 + h + I3) = dm [tV2 e(ea"s) - 4e(ea">^)r] . (IV-4.21) 
This shows that the Lagrangian density 

— If — 

/:(r,r) = e(f + f) + -=(^^a"^s + ^^a"^s) 

y 2 

-e r (M + a">„) - e r (M + cr"*>n) , (IV-4.22) 



constructed with the components ( 1V-4.6| ) of a generic chiral superfield of chiral weight 



w = 2 provides a supersymmetric action. 
IV- 5 Invariant Actions 

The generic construction can now be applied to derive the component field versions of the 
superfield actions discussed in section |111-4.3| , namely Aupergravity+matter, -4.suporpotentiai and 
-^Yang-Mills givcu respectively in eqs. ( [1II-4.53|) , ([1II-4.55|) and ( [1II-4.54|) . 

IV-5.1 Supergravity and matter 

Identifying the generic superfield such that 

Tsupergravity+matter 3-R, (IV-5.1) 

determines component fields correspondingly. The lowest component is given as 

M 

r = -. (IV-5.2) 
As a consequence of ( |ill-4.42| ) the spinor component takes the form 

s„ = -^X,| + V2{a'''e)^^T,,^\. (IV-5.3) 
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In the construction of the component field Lagrangian this appears in the combination 



+ ^ (V-na^V-m - 6" + ^Vm^'^^nM, (IV-5.4) 

O 6 

where we have used (|A-2.46|) and ( |IV-1.31| ) as well as other formulas given in appendix 



^ Finally, from ( [111-4 .441) and (|1V-1.37| ), we infer 

f + f = -\n- zer{i^m(Tae)^T^''' I - ^P"X, I + ^b%a + \mM 

+ iMV'n.a™^^ + h. c. , (IV-5.5) 



with the curvature scalar IZ defined in ( [1V-1.35|) . 



Recapitulating, the Lagrangian ( [1V-4.22| ) becomes 



-^supcrgravity+matter ~^ 2^ ^ ^m^ni.'^p'^^q ~l~ '^p'^q) 

-^MM + h^a - + ^^m^^Xi + h. c. 
D 4 ' 2 ' 

_1mM + ^b%a + D^atter. (IV-5.6) 

The cancellation of the ipmbn'^p terms with those coming from ( |1V-1.24|) is manifest in 
terms of the new covariant derivatives 

+\i^m'' [KkVr^A' - K-,VnA^ + igukX^'^nX^) , (IV-5.7) 

-\^ra^ [K^Vr^A^ - Kj,V^A^ + ig^^x'' cTmt) , (IV-5.8) 
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which are fully Lorentz, Kahler and gauge covariant derivatives. Finally, the expression 
of Dmatter; defined in ( [1V-0.2|) , in terms of the component fields has been given explicitly 



in (IIV-2.151) . 



We now see explicitly what was stressed in the introduction to this section: the ex- 
plicit dependence in the matter fields appears only through the D-term induced by the 
Kahler structure eDmattcr! the rest of the Lagrangian has the form of the standard super- 
gravity Lagrangian. It should be kept in mind, however, that all the covariant derivatives 
in >Csupergravity+matter are uow covariaut also with respect to the Kahler and Yang-Mills 
transformations. 

IV-5.2 Superpotential 

We now turn to the potential term in the Lagrangian and consider 

^superpotential 

e^l'^W. (IV-5.9) 

In order to identify the corresponding component fields we have to apply covariant spinor 
derivatives. Since neither K nor W are tensors with respect to the Kahler phase trans- 
formations we make use of P^r = Ej'^du'^ + 2Aar, before applying the product rule. 
Recall that in ( |C-4.8|) , the explicit form of A^, is given as 

A„ = ^K,V^(f)^ (IV-5.10) 

in terms of the usual Yang-Mills covariant derivative. Using furthermore the requirement 
that W as well as K are Yang-Mills invariant, we obtain 

Ea^'dMW = WkV^<f)\ E^^'OmK = KkV^<f)K (IV-5.11) 

Adding these three contributions yields 

V^r = e'^'^KkW + Wk)V^<p\ (IV-5.12) 

Let us note that the combination {K^W + Wk) behaves as W under Kahler transforma- 
tions, i.e. 

W ^ e-^W then {KkW + Wk) ^ e-^{KkW + Wk). (IV-5.13) 
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This suggests to denote 



and we obtain 



{KuW + Wu)=DjM, 



(IV-5.14) 



(IV-5.15) 



The evaluation of ^^^^^aFsuperpotentiai proceeds along the same lines. Taking carefully into 
account the Kahler structure leads to 

V^V^r = +e'"\KkW + Wu)V''V^(t)^ + e^/^ _ ^^^^^ + K,K^)W 

+ {Wi, - WuT\j + WjKi + WiKj)] (IV-5.16) 



Observe that the expression inside brackets is just equal to {di + Ki)DjW — V^ijO^W and 
transforms as W and DiW under Kahler (the presence of the Levi-Civita symbol ensures 
the covariance of the derivatives with respect to Kahler manifold indices). Again, this 
suggests the definition 



giving rise to the compact expression 



F^DkW--xYDiDjW 



(IV-5.17) 



(IV-5.18) 



for the F-term component field. Substituting in the generic formula ( [1V-4.22|) , yields the 
Lagrangian 



superpotential 



F^DkW + F^DjW - MW - MW 



oK/2 



V2 



-V2{tlj^a^''^^)W - v^(^„o-"^>„)W^l • (IV-5.19) 
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IV-5.3 Yang-Mills 

Finally, to obtain the Yang-Mills Lagrangian, we start from the superfield 



with lowest component 



ryang-MiUs = ^ /(r)(.) W^^^" W^f ^ , 



1 



(IV-5.20) 



(IV-5.21) 



Applying a covariant spinor derivative to ryang-MiUs and using the transformation prop- 
erties of /(r)(s) and f(r){s) as given in (|I11-4.60| ), (|I11-4.61|) , together with ( |IV-2.17| ) yields 



ang— Mills 



+ 



(IV-5.22) 



It remains to project to the lowest superfield components -cf. ( [IV- 1 .221 ) ( |1V-1.42|) , ( [IV- 
giving rise to 



2V2 



~\^X:.{X^'^X^% (IV-5.23) 
with /(J defined in ( [lV-2.2q ). Similarly, using ( [1V-'2.17[ ) and ( [B-5.'28[ ), we obtain 



5/(r)(s) 



+ 



1 df(r)(s) 



2 . 



+ 4 



I [d f(r)(s) df(r)(s) 



'1 f)M 



(IV-5.24) 
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One recognizes in the last line the covariant derivative of /(r){s) with respect to Kahler 
manifold indices. The corresponding component field expression is 



+\f{r)is) Qv'n^^^V'"A(^) + V^^aPV"^AM - ]^^^a'^ a^i X^^^^^ (^^a^A^^) + ^^a^A^^)) 

+i [-v^(xV"^"A«)/W + zv^(x*aM)D(^) - FXA^AW) 

+zy2(xV"^"AM)(V^^a„A(^) + V^^a„A(^))" 



+ 



(IV-5.25) 



where the covariant derivative D^.A^*-' is defined in ( |1V-1.44| ). Making heavy use of the 
relations (|A-2.42|) - (|A-2.51|) , we finally obtain 

e ""^/^Yang-MiUs = ~^/(r)(s) X 

+i(AMAW)(4V'„.^'" + V'ma'^a^O + ^(AMa(^))(4V'„^'" + V-^a^a^^) 



1 9f{r){s) 



y2(xV"^"A("))/f^|, - iy2(x'A("))DW + F^A^^U^^)) 
_,^(AMAW)(^„a"^xO - 2v^(^„a„AM)(xV™"A(^)) 



+ 



8 [dA^dA^ dA^ j{XX)[^ A ) 



+ h. c. 



(IV-5.26) 
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The Yang-Mills field strength is defined in ( iV-2.20| ). The covariant derivatives 



+ \{K,n^A^ - Kp^AW + Igfkix'cTn^f) (IV-5.27) 
~{K,d^A' - K-AAh>^^'^'' - Igfkix'^mxh A(^)". (IV-5.28) 



differ from the covariant derivatives T)„iAa and VmX^^^" introduced in ([IV- 1 .431) , ( fV 



1.441 ) by the covariant ba dependent term appearing in the definition of A^, in analogy 



with previous definitions -cf. ( |1V-2.15| ), ( |lV-2.1(j| ) and (|1V-5.7|) , (|1V-5.8|) . 
IV-5.4 Recapitulation 

The complete Lagrangian describing the interaction of Yang- Mills and chiral supermul- 
tiplets with supergravity is given by the sum of ( |1V-5.6D , (|1V-5.19|) , and (|1V-5.26D , with 



the matter D-term given in ( [1V-2.15D . In taking the sum, we diagonalize in the auxiliary 
field sector, with the result 



-g.jV^A'V^A^ - '-g,j (xV"^V„x'" + V„xO 
-1 Re /(,)(,) + ^ Im /('■^'"V^^^^'' 

[/m(s)A(^V"^V^AW + /w(s)A(^)a"^V^A(^)] 

+1 l9^J9k-^ (X^x')(x¥) - l9^J Re /(.)(.) (x^A(^'))(x^"A(^)) 



95 



2V^ 
1 



+ 



f 



is) 
mn 



8 



1 

+ 8 



l_ -pi 

OA^dAj '^~dA^ 



\dA^dA3 dAi 



df{r){s) 



+ ( 8 Re firm Re /(,)(,) - —g 



dA3 



+ 2 (Re /WC^)) 



X 



'^.-(^T(,))^-+-^^(x^aH) 



8^2 
1 

2V2 



dA 
dA^ 



y) + %r^(A(r)A(^))(^„.^-x^) 



dA^ 



<9/(r)(.) , 



+ 2 Re/(r)(s)/ 



(r)mn 



+ e 



V2 



V2' 



+ _ 1mM+ ^b"b„ + y,,-FT^"+ ^Re/(,)(,)D('-)D(^). 



(IV-5.29) 



96 



The diagonalized auxiliary fields, defined as 



M 


= M + 3e^/W, 


(IV-5.30) 


M 


= M + 3e^/W, 


(IV-5.31) 




= b^- Igdx'cr^x') + ^ Re /(,)(,) (A^'^V^A^^)), 


(IV-5.32) 


pi 


= + e^/^g^ DjW + \g^ ^^^^^f (A^A^^)), 


(IV-5.33) 




= p + e'^'^g'^DiW + ^g'^ ^^^J^^ (A^A^^)), 


(IV-5.34) 




= D(^)- (Re (i^.(T,)A)'^--^^(A(V)^ 


, (IV-5.35) 



have trivial equations of motion which coincide with the lowest components of those found 
in ( |III-4.65| ) - (pi-4.7CI| ) in superfield language. 



We would like to end this section with one comment: it was first realized in HTl, W2 



38| , p9| that the Lagrangian depends only on the combination 

g = K + \n\W\'^, (IV-5.36) 

and not independently on the Kahler potential K and the superpotential W. This can 
be made clear in a straightforward manner in the Kahler superspace formalism. Indeed, 
performing a Kahler transformation -cf. (|III-2.7D - with F = In 1^ yields 



1 C E 

e"^>Csuperpotential = 2 / R^^^^ ~^ h. C. . (IV-5.37) 

This field dependent redefinition, which has the form of a Kahler transformation, must 
of course be performed in the whole geometric structure, leading to a new superspace 
geometry which is completely inert under Kahler transformations. The component field 
expressions in this new basis, with Kahler inert components, have the same form as the 
previous ones, with K replaced by Q in all the implicit dependence on the Kahler potential 
and W and W set to one. It was actually given in this basis in 
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V LINEAR MULTIPLEX AND SUPERGRAVITY 



The antisymmetric tensor gauge potential, bmn = —bnm, first discussed in ||121||, appears 



naturally in the context of string theory ||108|| . At the dynamical level it is related to a 



real massless scalar field through a duality transformation. 

In supersymmetry, the antisymmetric tensor is part of the linear multiplet ||7I| , |143| 



together with a real scalar and a Majorana spinor. The duality with a massless scalar 
multiplet is most easily established in superfield language 

Postponing the discussion of the relevance of the linear multiplet and its couplings 
in low energy effective superstring theory to the closing section |VII| , we concentrate here 
on the general description of linear multiplets in superspace and couplings to the full 
supergravity/matter/Yang-Mills system, including Chern-Simons forms. 

The basic idea of the linear superfield formalism is to describe a 2-form gauge potential 
in the background of Uk{^) superspace and to promote the Kahler potential to a more 
general superfield function, which not only depends on the chiral matter superfields but 
also on linear superfields. 

In order to prepare the ground, section |V-1| provides an elementary and quite detailed 



introduction to the antisymmetric tensor gauge potential and to linear superfields without 
supergravity. Whereas the superspace geometry of the 2-form in Uk{1) superspace is pre- 
sented in V-2 , component fields are identified in section |V-3| . In section |V-4| we explain the 



coupling of the linear superfield to the supergravity/matter/Yang-Mills system. Duality 
transformations in this general context, including Chern-Simons forms are discussed in 
section |V-5| , relating the linear superfield formalism to the chiral superfield formalism. In 
section |V-6| we show that the linear superfield formalism provides a natural explanation of 
non-holomorphic gauge coupling constants. Finally, in section |V-7| we extend our analysis 
to the case of several linear multiplets. 

V-1 The Linear Multiplet In Rigid Superspace 
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V-1.1 The antisymmetric tensor gauge field 

Consider first the simple case of the antisymmetric tensor gauge potential bmn in four 
dimensions with gauge transformations parametrized by a four vector (3rn such that 

+ dmPn-dnPm, (V-l.l) 

and with invariant field strength given as 

hoimn — dibmn + dmbnl + dnblm- (V-1-2) 

The subscript denotes here the absence of Chern-Simons forms. As a consequence of its 
definition the field strength satisfies the Bianchi identity 

e'^^'^'dkhoimn = 0. (V-1.3) 

The invariant kinetic action is given as 

jO = I'-h'^^hom, (V-1.4) 

with */iq = —^s''''"^"'hoimn denoting the Hodge dual of the field strength tensor. 

Consider next the case where a Chern-Simons term for a Yang- Mills potential a^, 
such as 

Qimn = -tr ^aiidrnttn] - ya[;a^a„]^ , (V-1.5) 
with [Imn] — Imn -\- mnl -\- nlm — mln — Inm — nml, is added to the field strength, 

hlmn = hoimn + k Qlmn- (V-1.6) 

Here A; is a constant which helps keeping track of the terms induced by the inclusion 
of the Chern-Simons combination. The Chern-Simons term is introduced to compensate 
the Yang-Mills gauge transformations to the antisymmetric tensor, thus rendering the 
modified field strength invariant. The Bianchi identity is modified as well; it now reads 

e'^'^^'dkhimn - -^A;£'='-nr(/,,/„J. (V-1.7) 
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A dynamical theory may then be obtained from the invariant action 

= ^*/^"^*/^™-^tr(/™/_), (V-1.8) 

with *h'^ the dual of himn- This action describes the dynamics of Yang-Mills potentials 
am{x) and an antisymmetric tensor gauge potential bmn with effective fc-dependent cou- 
plings induced through the Chern- Simons form. 

This theory is dual to another one where the antisymmetric tensor is replaced by a real 
pseudoscalar a{x) in the following sense: one starts from a first order action describing a 
vector X™(x), a scalar a{x) and the Yang-Mills gauge potential am{x), 

C = (X- -k*Q"')d^a + \x^Xm - \ tr(r"/„J, (V-1.9) 
where the gauge Chern-Simons form is included as 

Variation of the first order action with respect to the field a gives rise to an equation of 
motion which is solved in terms of an antisymmetric tensor 

9„(X'" - k *Q^) = 0, ^ - A; = ^^e'^'^^dih^n. (V-1.11) 

Substituting back shows that the first term in ( |V-1.9| ) becomes a total derivative and we 
end up with the previous action ( |V-1.8| ) where *h"^ = X™, describing an antisymmetric 
tensor gauge field coupled to a gauge Chern-Simons form. 

On the other hand, varying the first order action with respect to X™' yields 

X„ = -dma. (V-1.12) 

In this case, substitution of the equation of motion, together with the divergence equation 
for the Chern-Simons form, i.e. 

d,*Q' = -]e''^-tT . (V-1.13) 
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gives rise to a theory describing a real scalar field with an axion coupling term 

C = Ao^a{x)d^a{x) - ltr(/-"/_) - ^ a(x) ^'^'^ tr (V-1.14) 
It is in this sense that the two actions ( |V-1.8D and ( |V-1.14| ) derived here from the first 



order one ( V-1.9 ) are dual to each other. They describe alternatively the dynamics of an 
antisymmetric tensor gauge field or of a real pseudoscalar, respectively, with special types 
of Yang-Mills couplings. Indeed, the pseudoscalar field is often referred to as an axion 



because of its couphngs ([V-1.14|) to Yang-Mills fields (although it is not necessarily the 



QCD axion). Note that the kinetic term of the Yang-Mills sector is not modified in this 
procedure. 

V-1.2 The linear superfield 

As already mentioned, the linear supermultiplet consists of an antisymmetric tensor, a 
real scalar and a Majorana spinor. In string theories, the real scalar is the dilaton found 
among the massless modes of the gravity supermultiplet. As bmn is the coefficient of 
a 2-form, we can describe its supersymmetric version by a 2-form in superspace with 
appropriate constrains and build the corresponding supermultiplet by solving the Bianchi 
identities. We shall proceed this way in section |V-2| . In superfield language it is described 
by a superfield Lq, subject to the constrains 

D^Lo = 0, D^Lo = 0. (V-1.15) 

Again, the subscript means that we do not include, for the moment, the coupling 
to Chern-Simons forms. The linear superfield Lq contains the antisymmetric tensor only 
through its field strength /loimn- Indeed, the superfield Lq is the supersymmetric analogue 
of hoimn (it describes the multiplet of field strengths) and the constrains (|V-1.15|) are the 



supersymmetric version of the Bianchi identities. The particular form of these constraints 
implies that terms quadratic in 6 and 6 are not independent component fields; it is for 
this reason that Lq has been called a linear superfield [[H]] . 

As before, component fields are identified as projections to lowest superfield compo- 
nents. To begin with, we identify the real scalar Lo(x) of the linear multiplet as the lowest 
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component 

Lo\ = Loix). (V-1.16) 

The spinor derivatives of superfields are again superfields and we define the Weyl compo- 
nents (Ac,(a;), A"(x)) of the Majorana spinor of the hnear multiplet as 

D^Lo\ = A^{x), D'^Lol = A^ix). (V-1.17) 

The antisymmetric tensor appears in Lq via its field strength identified as 

[Da, Da] Lo\ = —-Okaa^^^'^'^hQimn = —'2<^kaa*ho'', (V-1.18) 

thus completing the identification of the independent component fields contained in Lq. 

The canonical supersymmetric kinetic action for the linear multiplet is then given by 
the square of the linear superfield integrated over superspace, i.e. in the language of 
projections to lowest superfield components, 

= \*K*hom - ^d^^LodmLo - V™ (A-9^A<^ + A"9^A-), (V-1.19) 



generalizing the purely bosonic action ([V-1.4|) given above and showing that there is no 
auxiliary field in the linear multiplet. 

In order to construct the supersymmetric version of ( |V-1.8| ), we come now to the 
supersymmetric description of the corresponding Chern-Simons forms. They are described 
in terms of the Chern-Simons superfield Q, which has the properties 

tr(W"Wa) = ^D^n, tr(>V^>V") = ^D^Q. (V-1.20) 

The appearance of the differential operators D"^ and D"^ is due to the chirality constraint 
( |1I-3.33| ) on the gaugino superfields W", Wq,, whereas the additional constraint ( |1I-3.34|) is 



responsible for the fact that one and the same real superfield fl appears in both equations. 
The component field Chern-Simons form ( |V-1.5D is then identified in the lowest superfield 
component 



[Da, Da]n\ = -2akaa *Q' ' 4 tr(A«A^), (V-1.21) 
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with *Q*= given in ( |V-l.lU| ). 

Since the terms on the left-hand side in ( [V-1.20|) are gauge invariant, it is clear that 
a gauge transformation adds a linear superfield to Q. The explicit construction given in 
appendix P:''-2| , in the full supergravity context, shows that, up to a linear superfield, we 
may identify 

L = Lo + kQ, (V-1.22) 

such that L is gauge invariant. However, this superfield L satisfies now the modified 
linearity conditions 

D^L = 2ktT{WWa), (V-1.23) 

D^L = 2ktT{WaW^), (V-1.24) 

Again, these equations together with 

[D^, D^]L = -^a,^^ e^-'-H^ba - 4A; tr(>V„>V^), (V-1.25) 

have an interpretation as Bianchi identities in superspace geometry. The last one shows 
how the usual field strength of the antisymmetric tensor together with the Chern-Simons 
component field appears in the superfield expansion of L, 

D^]L\ = -akc^a [dlhmn + ^Qlm}j ' ^k ii{KK). (V-1.26) 

The invariant action for this supersymmetric system is given as the lowest component of 
the superfield 

£ = -—(D^D'' + D^D^)L^-—DHiW''-—DHiW\ (V-1.27) 
32 ^ ^16 16 ^ ' 

This action describes the supersymmetric version of the purely bosonic action ([V-1.8|) . 
Its explicit component field gestalt will be displayed and commented on in a short while. 



The notion of duality can be extended to supersymmetric theories as well [|111|| ; this 



is most conveniently done in the language of superfields. The supersymmetric version of 
the first order action (|V-1.9|) is given as 

C = -— (D^D^ + D^D^) (x^ + V2(X -kn)(S + S)] - —DHtW^ - —DHiW^ . 

32 V / 16 16 , , 

(V-1.28) 
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Here, X is a real but otherwise unconstrained superfield, whereas 5* and 5* are chiral, 



D^S = 0, D'^S = 0. (V-1.29) 

Of course, the chiral multiplets are going to play the part of the scalar field a{x) in the 
previous non-supersymmetric discussion. 

Varying the first order action with respect to the superfield S or, more correctly, 
with respect to its unconstrained pre-potential S, defined as S = D^E, the solution 
of the chirality constraint, shows immediately (upon integration by parts using spinor 
derivatives) that the superfield X must satisfy the modified linearity condition. It is 
therefore identified with L and we recover the action ( |V-1.27| ) above. 

On the other hand, varying the first order action ( |V-1.28| ) with respect to X yields 
the superfield equation of motion 

X = — ^(5+^). (V-1.30) 
v2 



Substituting for X in ([V-1.28|) and observing that the terms S'^ and S'^ yield total deriva- 



tives which are trivial upon superspace integration, we arrive at 

£ = — (D^D'^ + D^D^) (SS + kV2n (S + S)] - —D^ tr - —D^ tr W^. (V-1.31) 
32 ^ V /Id 16 

One recognizes the usual superfield kinetic term for the chiral multiplet and the Yang-Mills 
kinetic terms. It remains to have a closer look at the terms containing the Chern-Simons 
superfield. Taking into account the chirality properties for 5* and S and the derivative 
relations ([V-1.20|) for the Chern-Simons superfields we obtain, up to a total derivative. 



32 ^ ^16 16 

8 8 



This action is the supersymmetric version of the action (|V-1.14|) 



The component field expressions for the two dual versions (|V-1.27| ) and (|V-1.32| ) of 
the supersymmetric construction are then easily derived. In the antisymmetric tensor 



104 



version, the complete invariant component field action deriving from ( |V-1.27 ) is given as 



+ {l + 2kL) tr 



-Ir^'fmn - (A^^^^A^ + A^^P^A") + ^DD 



-k*h^ ii{\omX) -kAa"""" tr(A/^„) - A; A a™" tr(A/^, 

1.2 

- — (1 + 2kL)-^ [A^ tr A^ + A^ tr A^ - 2Aa'"A tr(Aa^A 
k 



— [trX^ trA2-tr(Aa'"A) tr(Aa„A)] . 



(V-1.33) 

This is the supersymmetric version of ( |V-1.8D . The redefined auxiliary field 

D = D + iA; (1 + 2kLy^ (AA - AA), (V-1.34) 

has trivial equation of motion. 

On the other hand, in order to display the component field Lagrangian in the chiral 
superfield version, we recall the definition of the component field content of the chiral 
superfields 



S\ = S{x), D^S\ = V2xa{x), D^S\ = -4F(x) 



(V-1.35) 



and 



^1 = S{x), D^Sl = V2x'^{x), D^S\ = -AF{x). (V-1.36) 

The component field action in the dual formulation, derived from the superfield action 
( |V-1.32| ) takes then the form 

C = -d"^Sd^S-'-aZ{x''d^r + rdmX'')+FP 



+ (l-kV2{S + S)Yi 
k 



-\rymn - (A"P„.A<^ + X^V^X-) + If) D 



{S - S) [s''^^ti{f,ifmn) + 49^tr(Aa"A 
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-A;xa™" tr(A/_) + A;xa™" tr(A/_) - ^ tr A^ tr A^ 



' 4 



(l-A;y2(5 + ^)) ' [x' trA2 + x'trA2-2(xa'"x) tr(A(T^A)] . (V-1.37) 



This is the supersymmetric version of (|V-1.14|) . Again, we have introduced the diagonal- 
ized combinations for the auxihary fields 

F = F+^trA^ p = F+^tiX', (V-1.38) 
4 4 



and 



D = D - iA; 



l-fcV2(5 + 5)l~ (xA-xA). (V-1.39) 



The two supersymmetric actions ( |V-1.33|) and ( [V- 1.371 ) are dual to each other, in the 
precise sense of the construction performed above. In both cases the presence of the 
Chern-Simons form induces fc-dependent effective couplings, in particular quadri-linear 
spinor couplings. Also, we easily recognize in the second version the axion term already 
encountered in the purely bosonic case discussed before. 

A striking difference with the non-supersymmetric case, however, is the appearance of 
a /c-dependent gauge coupling function, multiplying the Yang-Mills kinetic terms. This 
shows that supersymmetrization of ( |V-1.8| ) and ( |V-1.14| ) results not only in supplementary 
fermionic terms, but induces also genuinely new purely bosonic terms. 

In this line of construction, one can imagine an extension of Zumino's construction of 
the nonlinear sigma model [|164|| , where we replace the Kahler potential K{(f),(j)) 

by a more general function K{(j), 0, L) which not only depends on complex chiral and 
antichiral superfields, but also on a number of real linear superfields. 



V-2 The Geometry of the 2-Form 

The linear multiplet has a geometric interpretation as a 2-form gauge potential in su- 
perspace geometry. Since we wish to construct theories where the linear multiplet is 
coupled to the supergravity-matter system, we will formulate this 2-form geometry in the 
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background of superspace. The basic object is the 2-form gauge potential defined 

as 

B = ^dz^dz^BNM, (V-2.1) 

subject to gauge transformations of parameters j3 = dz^ [3m which are themselves 1-forms 
in superspace 

B ^ B + dl3, (V-2.2) 

i.e. , 

Bnm ^ B^M + dNf3M - {-T'^dMPN. (V-2.3) 
The invariant field strength is a 3-form, 

H = dB = j^E^E^E'^HcBA, (V-2.4) 

with the frame of Uk{^) superspace. As a consequence oi dd = Q one obtains the 
Bianchi identity, dH = 0, which fully developed read 

i.£;A^B^c^D ^4 j^^HcBA + 6 Tdc^Hfba) = 0. (V-2.5) 

The linear superfield is recovered from this general structure in imposing covariant con- 
straints on the field strength coefficients Hcba such that [a = a, a) 

H^^ = 0, H^pa = 0, H.^^ = 0. (V-2.6) 

As consequences of these constraints we find (by explicitly solving them in terms of 
unconstrained pre-potentials or else working through the covariant Bianchi identities) 
that all the field strength components of the 2-form are expressed in terms of one real 
superfield. In the absence of Chern-Simons forms -cf. also section |V-1.2| , it will be denoted 
by Lq. It is identified in 

H,^a = -2t (a„e)/Lo. (V-2.7) 

Explicitly we obtain 

H,ba = 2(a,J/I)^Lo, = 2{a,,y .V^L^, (V-2.8) 
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and 

- \(ydaa e'^'^H,,^ = V^] - 4 <^ Ga) L,. (V-2.9) 

This equation identifies the super-covariant field strength Hcba in the superfield expansion 
of Lq. Compatibility of the constraints imposed above with the structure of the Bianchi 
identities then imphes the hnearity conditions 

(p2 - 8i?)Lo = 0, - 8i?^)Lo = 0, (V-2.10) 

for a hnear superfield in interaction with the supergravity-matter system. 

In general, when the linear multiplet is coupled to the supergravity/matter /Yang- 
Mills system, we will have to allow for Chern-Simons couplings as well. As gravitational 
Chern-Simons forms are beyond the scope of this report, we will restrict ourselves to the 
Yang-Mills case. Recall that the Chern-Simons 3-form of a Yang-Mills potential A in 
superspace is defined as 0] 

Q^^ = tr (^AdA+'^AAA^ . (V-2.11) 

Its exterior derivative yields a field strength squared term 

dO^^ = tr(J^J^). (V-2.12) 

The coupling to the antisymmetric tensor multiplet is obtained by incorporating this 
Chern-Simons form into the field strength of the 2-form gauge potential 

H''^ = dB + k Q"^. (V-2.13) 

The superscript indicates the presence of the Yang-Mills Chern-Simons form in the 
definition of the field strength. Note that if a^, the Yang-Mills potential and hmni the 
antisymmetric tensor gauge potential have the conventional dimension of a mass (the 
corresponding kinetic actions are then dimensionless) the constant k has dimension of an 
inverse mass. 

Since Q^-^ changes under gauge transformations of the Yang- Mills connection A with 
the exterior derivative of a 2-form A(^, g), 

QyM ^ QQyM ^ Qy^ + d^{A,g), (V-2.14) 
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covariance of can be achieved in assigning an inhomogeneous compensating gauge 
transformation 

B ^ 9b = B-kA{A,g), (V-2.15) 

to the 2-form gauge potential Finally, the addition of the Chern-Simons forms gives rise 
to the modified Bianchi identities 

dH''^ = k ti{J^T). (V-2.16) 

A question of compatibility arises when the two superspace structures are combined in 
the way we propose here, since the linear multiplet corresponds to a 2-form geometry with 
constraints on the 3-form field strength and the Yang-Mills field strength JF is constrained 



as well. As it turns out [0, assuming the usual constraints for JF, the modified field 
strength may be constrained in the same way as H, without any contradiction. The 
most immediate way to see this is to investigate explicitly the structure of the modified 
Bianchi identities 

i.^A^B^c^D (^^VdHcba + QTnc^HFBA - QktiiJ^DcJ'BA)) = 0. (V-2.17) 



Assuming for H^-^ the same constraints as for H -cf. ( |V-2.6| ), ( |V-2.7 )- and replacing L, 



^0 



by L-^'^ on the one hand and taking into account the special properties of the J-'J-' terms 
arising from the Yang-Mills constraints on the other hand, one can show that the linearity 
conditions ( |V-2.17|) are replaced by the modified linearity conditions 

- 8i?^)L^-^ = 2fctr(>V^>V"), (V-2.18) 
{V'^-m)L^^ = 2A;tr(>V°>V„). (V-2.19) 

Likewise, ( |V-2.9| ) acquires an additional term, 

V^] - 4<^G'J L^^ = -iarf,^e"'='"^i/r - tr (W^W^) . (V-2.20) 



The special properties of Wq allow to express the quadratic gaugino contributions in 
( |V-2.18| ), ( [V-2.191 ) in terms of a single Chern-Simons superfield VL^ 



tr (W^W") = \{'^^ - 8i?t)n^-^, tr = - 8i?)fi^^. (V-2.21) 
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The existence of and its explicit construction -cf. appendix F- rely on the similarity 
of Chern-Simons forms with a generic 3-form gauge potential C. The Chern-Simons form 
( |V-2.11| ) plays the role of a 3-form gauge potential ( |V-2.14|) and tr (JFJF) corresponds to 
its field strength ( |V-2.12| ). Given the identification 

S = i^^E^E^E^S^cBA = ^^^^^^^^^6 tr(^z)c^BA), (V-2.22) 

and the constraints on JF it is immediate to deduce that indeed 

^SjaA = 0, (V-2.23) 

which are just the constraints of the 4-form field strength in the generic case. Antici- 
pating part of the discussion of the next section, we observe that, as a consequence of 
the constraints, all the components of the generic 4-form field strength are expressible in 
terms of chiral superfields Y and Y {V^Y = 0, V^Y = 0) identified in 

^s^ba = ^{cTtae)5^Y, S^^, = ^{a,,eY^ Y. (V-2.24) 
For the remaining coefficients, i.e. T^scba and T^^cba, respectively, we obtain then 

^Scba = -— cr'l.tdcbJ^^Y , Tfcba = +— ^'^^^ ^^dcbaPsY, (V-2.25) 

and 

^dcba = ^ edcba [ - 24i?t) Y-{V^- 2AR) Y] . (V-2.26) 

This last equation should be understood as a further constraint between the chiral 
superfields Y and y, thus describing the supermultiplet of a 3-form gauge potential in 
UxiX) superspace. 

From the explicit solution of the constraints, one finds that Y and Y are given as the 
chiral projections of UxiX) superspace geometry acting on one and the same pre-potential 

Y = -4(p2 _ 8R)n, Y = -4(I?2 _ 8R^)Q. (V-2.27) 

Due to the same constraint structure of S and tr(jFjF), this analysis applies to the case 
of Chern-Simons forms as well. We identify 

= -8 tr (W"W„) , = -8 tr (W«W") . (V-2.28) 
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Correspondingly, f2 the generic pre-potential, is identified as the Chern-Simons 

superfield, expressed in terms of the unconstrained Yang-Mills pre-potential. A detailed 
account of this analysis is given in appendix F. 

It is instructive to investigate the relation between the superfields and Lq in this 
context. As we have seen, Lq and — kQ'^^ satisfy the same linearity conditions. As 
a consequence, they can be identified up to some linear superfield, i.e. 

L^^ = Lo + k(3''^ + k n^-^. (V-2.29) 

Here f3^'^ is a pre-potential dependent linear superfield whose explicit form, irrelevant for 
the present discussion, may be read off from the equations in appendix F. Note that 
changes under Yang-Mills gauge transformations by a linear superfield (hence ( |V-2.21| ) 
are unchanged), whereas the combination + (3^^ is gauge invariant, in accordance 
with the gauge invariance of Lq and L-^^. 

We have tried to make clear in this section that the superspace geometry of the 3-form 
gauge potential provides a generic framework for the discussion of Chern-Simons forms 
in superspace. Established in full detail for the Yang-Mills case, this property can be 
advantageously exploited in the much more involved gravitational case, relevant in 
the Green-Schwarz mechanism in superstrings. 

As we will consider the Yang-Mills case only, we drop the superscript from now 
on, a superfield L being supposed to satisfy the modified linearity conditions. 

V-3 Component Fields 

When coupled to the supergravity /matter /Yang-Mills system, the components 

b-ranix), L{x), Ao(x), Aaix), (V-3.1) 

of the linear multiplet are still defined as lowest superfield components, but now in the 
framework of f/i^(l) superspace geometry. For the covariant components L{x), Aa{x), 
Aa{x), we define 

L\ = L{x), VaL\ = A„(x), V^Ll = A°(x), (V-3.2) 
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whereas the antisymmetric tensor gauge field is identified as 



B\\ = b = ]^dx'^dx''hnm{x). (V-3.3) 



The double bar projection, as defined in |V|, is particularly useful for the determination 
of the lowest component of Hcba-, the super-covariant field strength of the antisymmetric 
tensor. Recall that the component field expression of the Chern-Simons form, in terms of 
v4|| = idx"^ am{x) , is given as 

Q\\ = j^dx'^dx'^dx^Qimn = -^dx'^dx'^dxhr (^aidman-'^aittma.^^ . (V-3.4) 

The double bar projection is then applied in two ways. On the one hand, we have 

H\\ = ^dx'dx'^dx^K^i, (V-3.5) 

with hnmi = dnbmi + Omkn + + k Q^mi- The supcr-covariaut field strength Hcba\, 

on the other hand, is identified in employing the double bar projection in terms of the 
covariant component field differentials e"^, defined in ( [IV-l.lD , ( [1V-1.2| ), and taking into 
account the constraints on Hqba- As a result, we find 

H\\ = l-e'^e'e'^H^bal + ^e'^e'e^ H^ba\ + ^e«e^e^i/\„| + e"e^e^i//,|. (V-3.6) 

Inserting the explicit expressions for H^ba, H^'ba and H^^a yields then in a straightforward 
way 

^/'^'^H.ba I = ^e/e""^''^ [h^ik + ?>iLi^mCTi^k) + ^ e/ (V'„^a"'"A - V-^a^-A) , (V-3.7) 

Note that the super-covariant field strength Hcba \ , one of the basic building blocks in the 
construction of component field actions, exhibits terms linear and quadratic in the Rarita- 
Schwinger field. Details on the geometric derivation of supersymmetry transformation 
laws and the construction of invariant component field actions are presented in appendix 

n 
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V-4 Linear Multiplet Coupling 

For the coupling of the hnear multiplet to the general supergravity/matter /Yang-Mills 
system we may imagine to follow the same steps as before, but with the Kdhler potential 
replaced by an L dependent superfield 0, L) |]2D|, |TD|, which we shall call the kinetic 
potential. Let us note that L being real, the interpretation of as a potential of Kahler 
geometry is partly lost. 

As we now explain, such a construction does not yield a canonically normalized Ein- 
stein term. To begin with, we note that the curvature scalar still appears in the combi- 
nation 

V^R + V^R^ = —Rba'"' - \ {V'Xa + V^X^) + AG^Ga + 32RR\ (V-4.1) 

where the combination P^X^ + Pq,X" should now be evaluated using K = K{(f), (p, L) 
as a starting point. This generates extra T>^R + V^R^ terms. Indeed, recall the Uk{^) 
relations (p^ ), 

- 3 V^R = Xc, + ASa, -3 V^R^ = X" - 45°, (V-4.2) 
and the definitions 

Xa = -8R)V^K{<j),^,L), (V-4.3) 

o 

X'^ = — {V^ -8R^)V'^K{(f),(j),L). (V-4.4) 
8 

In the L independent case these relations serve to identify V^R and V^R^ as superfields, 
roughly speaking, depending through Xa,X°' on the matter sector and through Sa, S°' 
on the gravity sector. In the L dependent case, due to the presence of R, R^ in the 
linearity conditions, successive spinor derivatives generate extra T>aR, resp. terms 
in the expressions of X^, resp. X". We can make explicit such contributions and write 
(Kl = dK/dL) 

X^ = -LKlV^R + Y^, X^ = -LKlV^R^ + Y^, (V-4.5) 

where and contain all remaining contributions including those stemming from the 
Chern-Simons forms. Hence, in this case VaR and X>°R^ are still identified as dependent 
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superfields, but the relations ( |V-4.2| ) take a modified form, 



{LKl-3)V^R = Y^ + 4S^, (V-4.6) 
{LKl~3)V'^R^ = Y'^ + AS'^. (V-4.7) 



This, in turn, imphes that the basic geometric relation ( |V-4.1D takes a modified form 
as well 

(^1 - ^LKl^ {V^R + &R^) = —RbJ"" + ^G^Ga + 32RR^ 

A (v-Y^ + V^Y'') + U)^ {LKl) V^R + U)^ {LKl) V'^R^- (V-4.8) 



Evaluating the component field action, following the procedure of section |1V-5|, we obtain 



an Einstein term with a field dependent normalization (l — ^LKl) ^ . In other terms, 
in the linear superfield formalism, a superfield action which is just the integral over the 
superdeterminant of the frame, leads to a non-canonical normalization of the Einstein 
term. 

In order to have more flexibility for the normalization function we consider from now 
on a general superfield action, 

£ = -3 [eF{cP,^,L), (V-4.9) 



where the subsidiary function F depends in a yet unspecified manner on the chiral and 
linear superfields. Observe that the kinetic potential K{(j), 0, L) is implicit in E through 
the Uk{^) construction. The component field version of this generalized superfield action 
is evaluated using the chiral superfield, 

r = -^{&-8R)F{(^,4>,L), (V-4.10) 

and its complex conjugate in the generic construction of section [IV- 5| . A straightforward 
calculation shows that in this case the Einstein term is multiplied by the normalization 
function 

N{<P,^,L) = ^. (V-4.11) 

i — -^LKl 
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Requiring = 1, or 

F-LFl = 1~ hxL, (V-4.12) 

ensures that we get a canonically normalized Einstein term. 

Note that in the case of L-independent functions F and K, this equation imphes 
simply F = 1. In the general case, the solution of ([V-4.12|) reads 



0, L) = 1 + LV{(P, 0) + - / ^i^A(0, 0, A). (V-4.13) 



3 J X 

We see that the only term in -F(0, 0, L) which is not fixed by the choice of the Kahler 
potential is the term LV{(f), 0), the "integration constant" of the differential equation (|V-| 
[4.12|) . Indeed, one can check that, in the Lagrangian ( [V-4.9D , only a term linear in L, 
viz. 

Ain = -3 y"EL^(0,0), (V-4.14) 

cannot be set to 1 by a superfield rescaling since the Weyl weights of E and L sum up to 
zero {a{E) = -2,cx{L) = 2). 

As we discuss now, the real function V{(f), 0) plays an important role in the discussion 
of certain anomaly cancellation mechanisms. From now on we refer to it as linear potential. 
To be more definite, consider the effective transformation 

V{^, 0) ^ V{(P, 0) + i7(0) + if (0), (V-4.15) 

with H a chiral superfield which is a holomorphic function of the chiral matter fields. How 
does the Lagrangian £iin change under such a transformation? To see this more explicitly, 
use integration by parts and apply the modified linearity conditions, 

JeLH = J^HiV^ -8R)L = j^Hti(W"Wa). (V-4.16) 



Note the appearance of the chiral volume element in superspace. Therefore, ( |V-4.15| ) 
gives rise to the effective transformation 

/:iin^/:iin + ^ y"|i/(0)tr(W"W,) + ^ y"^iT(0)tr(W^W"). (V-4.17) 
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This shows that in the absence of Chern-Simons forms, k = 0, the transformation ( |V-4.15| ) 
is a symmetry of the theory. In the presence of Chern-Simons forms it creates an Abehan 
anomaly term, multiphed hj H — H and gives rise, at the same time, to a Yang-Mills 
kinetic term multiplied hj H + H. We will come back to this issue later on. 



V-5 Duality Transformations 



As is well known and has been stressed in section V-1 , the antisymmetric tensor/real scalar 
duality extends to the supersymmetric case, where it becomes a linear/chiral multiplet du- 
ality. This duality should now be explored for the case of a linear multiplet coupled to the 
general supergravity /matter /Yang-Mills system, the so-called linear superfield formalism, 
in relation to the chiral superfield formalism, where only chiral multiplets occur. 

It is not surprising that the subsidiary function F{(f), (f), L), introduced in the previous 
subsection, be of some importance. As a matter of fact, the normalization condition (|V-| 



4.121 ), justified previously at the component field level will reappear in an intriguing way 



in the superfield duality transformation mechanism in curved superspace. Let us consider 
the first order formalism Lagrangian 



/:poP = -3 [^(0, 0, X) + X{S + S)] , (V-5.1) 



where 5* is a chiral superfield, V'^S = 0, and X is an unconstrained superfield. The kinetic 
potential K{(j), 0, X) and the normalization function F{(j), 0, X) are supposed to be given 
in terms of this unconstrained superfield. 

Variation of ( |V-5.1D with respect to X gives rise to 



{S + S)(^1- l^Kx^ = ^FKx - Fx, (V-5.2) 

where we have used 

SxE = -^EKxSX, (V-5.3) 



as derived from ( P-3.3|) and ( P-2.89| ). For given F and K functions, ( |V-5.2| ) should allow 



to express X as a function of (p, (j) and of S* + 5*, such that the resulting Lagrangian in the 
chiral superfield formalism is given as 

>CcsF = -3 jE[F {cl>,4>,X{ct>,'^,S + S)) + {S + S) X{ct>,^,S + S)] . (V-5.4) 
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Clearly, this Lagrangian will not necessarily yield the canonical normalization of the 



curvature scalar term. On the other hand, we have shown in section [1II-2| that the 
Lagrangian, built with (anti)chiral superfields, which gives a correct Einstein term is 
simply 



C = -3jE. (V-5.5) 
This form of ( |V-5.4D can be obtained in requiring 

0, X) + X{S + S) = 1, (V-5.6) 
where X is the solution of ( |V-5.2| ). Formally, these two equations combine into 

F-XFx = l-^XKx. (V-5.7) 

This means that for a theory with canonical Einstein term, F and K cannot be chosen 
independently, they should satisfy ( |V-5.7| ), which has the same form as ( |V-4.12D , but 



with L replaced by 0, 5" + S"). Likewise, 0, 0, S' + S')) should have the same 
functional dependence on X as it had before on L. These relations are of fundamental 
importance if we want to make meaningful comparisons between different theories (or 
compare for example the tree level and one-loop effective actions). 



Alternatively, we can vary ( [V-5.1[ ) with respect to 5 or 5. Due to chirality, they can 
be written as 

S = (p2_8i?)S, S = (P^-8i?f)S, (V-5.8) 

where S, S are unconstrained superfields. 

Variation of ( |V-5.1D with respect to S, S yields after integration by parts: 



{V^ - 8R)X = 0, {V^ - 8R^)X = 0. (V-5.9) 

We conclude that X is a linear superfield, which we identify with Lq. An integration by 
parts (linear x chiral integrates to zero) then shows that (|V-5.1|) reproduces ( |V-4.9| ) and 



we are back with the linear superfield formalism discussed in the previous subsection. 

There, however, the linear multiplet was coupled to Chern-Simons forms. How does 
this coupling affect the duality structure? It is clear that in the linear superfield formalism 
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we should reproduce the modified hnearity conditions. Therefore, the first order formalism 
should include the Chern-Simons superfield Q, such that 

£poF = -3 jE[F{(f),^,X) + {X - kn){S + S)]. (V-5.10) 

Varying with respect to S, S establishes then the modified linearity conditions. On the 
other hand, varying^ ( |V-5.10| ) with respect to X gives rise to the same equation ( |V-5.2| ) 
as before. Imposing moreover a canonical Einstein term, using (|V-5.6| ), the Lagrangian 
in the chiral superfield formalism then reads 

£csF = -3 Je[1- kn{S + S)], (V-5.11) 

To put the new terms, arising from the Chern-Simons couplings, in a more familiar form, 
we write them as 

^esF = -sJe-^ l^s{&-8R)n-^ Jl.s{V'-8R^)n, (V-5.12) 
where the derivative terms vanish upon integration by parts {S and R are chiral super- 



fields), and use (|V-2.21|) to obtain 



J^s. = -3 j^-lk j^Sti{W'W^)-h J^S tiiW^W"). (V-5.13) 

We therefore recover the standard formulation of matter coupled to supergravity with a 
holomorphic gauge coupling function 

f{S) = -6kS. (V-5.14) 

Comparing this to ([V-4.17|) suggests that the effective transformations ( |V-4.15| ) should be 
realized in the chiral superfield formalism as field dependent shifts of the chiral superfield 
S,i.e. S- H{(f)) andS^ S- H{(f)) 

Let us stress that the duality between the linear superfield formulation and the chiral 
superfield formulation, discussed here for the case of one single linear superfield, extends 

^^Due to the variation law Sx^ = ^^KxSX , the terms proportional to the Chern-Simons form cancel 
out in this equation, as expected from gauge invariance considerations. 
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quite obviously to the case of several linear superfields and suitable Chern-Simons cou- 
plings. We will come back to this after the next subsection. 

We close this subsection on an example |l8l which plays an important role in 
superstring models. We take for the Kahler potential: 

K = Ko{(j), 0) + a log L (V-5.15) 

where it was already stressed that L plays the role of the string coupling. The corre- 
sponding solution of ( |V-4.9| ) is: 



1 -«/3 + Lr(0,0). (V-5.16) 



The solution of (|V-5.6|) reads 



and 



^ = S + S + V{<l),^) (V-5.17) 

- - - « - - 

K{^,(I),S + S) = 7^0(0,0) + «log--alog(S + 5 + (V-5.18) 

It is interesting to discuss equation ( |V-5.17| ) in the context of the one-loop renormaliza- 
tion of the gauge coupling performed by Dixon, Kaplunovsky and Louis [^: S + S is 
interpreted as the tree level gauge coupling and V{(j),(j)) is a generic (non-holomorphic) 
threshold correction. We thus see that, up to a normalization factor, it is which 
must be interpreted as the renormalized gauge coupling. Thus, the natural framework to 
perform the renormalization of the gauge coupling functions is the linear multiplet formu- 
lation. 

We note also that the Kahler potential in (|V-5.18|) is invariant under the effective 



transformations ( |V-4.15D together with S ^ S — H{(f)) and S ^ S — H{(f)). 



Adding terms of order [n > 2) in ( |V-5.15|) would include higher order corrections, 
if any, but we can note here the special status played by one-loop corrections. The explicit 
computation of Ref.[B2| indicates that, in this context, V{(f),(j)) contains a piece which is 



nothing else but Ko{(j),(f)). This fact has been stressed by Derendinger et al. and is 
in agreement with the Kahler properties of V{(j), 0) -cf. ( |V-4.15| ). 
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V-6 Non Holomorphic Gauge Couplings 



In general, as explained in section [111-4. 3| , supersymmetric Yang-Mills theory allows for 
arbitrary holomorphic gauge coupling functions in terms of the complex matter scalar 
fields. The corresponding invariant supergravity action ( |111-4.54| ) is given as a F-term in 
superspace. 

Superstring theory, in its effective low energy limit, seems to suggest non- holomorphic 
gauge coupling functions [|142|] , [p.l2|l as well. From the formal point of view, such non- 



canonical structures arise naturally in the linear superfield formalism |]T9| , ^ . 

Independently of the relation to string theory, it is instructive in itself to elucidate 
the origin of non-holomorphic gauge couplings in the linear superfield formalism. The 
crucial ingredient is the coupling of Chern-Simons forms to linear multiplets, as described 
in sections V-2 and V-4 . In this context, the modified linearity conditions ( [V-2.18| ), (|V-| 
2.191 ) are of utmost importance. In the following we will point out schematically how 
non-holomorphic gauge couplings appear in the component field theory, starting from the 
geometric superspace description. 

Recall that the basic object for the construction of the component field action are the 
chiral superfields r and r given as 



--(p2_8i?)F(0,0,L), 



--(I?2-8/?t)F(0,0,L). 



(V-6.1) 



Working through the generic construction of section [1V-4| allows to determine unambigu- 
ously the complete component field action. As we are interested only in the gauge coupling 
function, it is not necessary to go through all these steps in full detail. 

For the sake of a schematical discussion recall first of all that the gauge kinetic terms 
arise from the lowest component of the superfield 



tr + tr 



(V-6.2) 



On the other hand, the complete set of kinetic terms of all the component fields is identified 
in 

Vh + Vh. (V-6.3) 
The procedure consists in evaluating the spinor derivatives in ( |V-6.3| ) and in isolating 
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terms proportional to ( |V-6.2 ). In a first step we identify relevant terms in 



Vh + V^Y = F{V^R + V^R^) - -(V^V^ + V^V^)F. (V-6.4) 

8 

The symbol ==" indicates that we only retain the terms relevant for our discussion, making 
the arguments more transparent. The first term on the right contains the contribution 
originating from the L dependence of K. Using ( |V-4.1| ), we obtain 

1 1 
+ &f = — FiVX^ + Vo,X") - -Fl{V^& + &V^)L. (V-6.5) 
3 8 



Next we insert the explicit expression for X" in terms of K{(f), 0, L), i.e. 

V^X^ + Vo,X^ = --Kl{V^& + &V^)L, (V-6.6) 

8 

to arrive at the intermediate result 

Vh + V^r = -liFL - \fKl) (V^& + &V^)L. (V-6.7) 
8 3 

In the next step we are going to exploit the modified linearity conditions 

V^L = 8RL + 2ktrW^, V^L = 8R^ L + 2ktTW^. (V-6.8) 
As a consequence we find 

(V^V^ + &V'^)L = 8L{V^R + V^R^) +2k{V^tiW^ + &trW^). (V-6.9) 
Using once more ( V-6.6 ), i.e. 



V^R + V^R^ = ^Kl{V^T)^ + V^V^)L, (V-6.10) 



yields 



{V^& + &V^)L = ^ {VHtW' + VHtW^). (V-6.11) 

1 - -LKl 



3 

The final result is then 



Vh + &f ^ _kFl\FKL (p2^^■^2^p2^^■^2^ (V-6.12) 

4 1 - \LKl \ j 
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which allows to identify the gauge coupling function 

Ft FKt 

n^A.L) = ' \ (V-6.13) 

Recall that in the standard case the gauge coupling is the sum of a holomorphic and an 
antiholomorphic function. In the more general formulation given here, non-holomorphic 
coupling functions are allowed. 

At this point it is important to note that so far we did not make any reference to 
possible normalizations of the Einstein term, appearing in the same action. In section 
|V-4| we have identified the normalization function 

N{<P,^,L) = -^y^. (V-6.14) 

A glance at the explicit form of F and shows that they are related to F through the 
simple relation 

LT + N = F. (V-6.15) 
Finally, the same Lagrangian contains also a kinetic term for L, 

^ [3Nl + Kl{LNl - N)] g^^dmLd^L, (V-6.16) 

whose normalization function is expressed in terms of previously defined quantities. Note 
that, in view of the normalization of the curvature scalar, i.e. 

- f ^, (V-6.17) 

it should be clear that the conformally trivial combination is obtained from the choice 
N = L; remember that L has Weyl weight cr(L) = —2. 

Let us now turn to a discussion of the duality transformation in this general case, i.e. 
in the presence of non trivial normalization function A^, gauge coupling F, and subsidiary 
function F. The relevant first order action is still ( |V-5.10p . The linear superfield formalism 



discussed above is obtained in the usual way, varying with respect to the unconstrained 
pre-potentials of the chiral superfield S. The chiral superfield formalism, on the other 
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hand, is obtained from variation with respect to X. As before, the corresponding equation 
of motion ([V-5.2|) should be understood as an expression which determines X in terms of 



(f), (f) and S + S. The chiral superfield formahsm is then obtained from ( |V-5.10| ), but with 
X now a function 0, 5* + 5). As to the gauge couphng function we are back to the 
holomorphic case. 

From what we have learned before, it should be clear that the superfields underlying 
the component field construction of the action are now 

r = -\{V'^ -^R)F + ^iiW'^, r = --(D^ - 8i?^)F + ^ tr (V-6.18) 
8 4 8 4 

It is instructive to identify the normalization function of the curvature scalar and the gauge 
coupling function, using a similar reasoning as before in the linear superfield formalism. 
Working through the successive application of spinor derivatives in "D^r + P^f and keeping 
track only of terms relevant for our purpose we find 

Vh + V^v = --'^{F + X{S + S))Ri,J''' + ^{S + S){VHiW^ +V\iW^). (V-6.19) 



The gauge coupling function is simply proportional to S + S, in accordance with ( |V-5.2| ) 



and the definition ( |V-6.13| ). As to the normalization function of the Einstein term we 
observe that, using formally ( [V-5.2| ) together with (|V-6.15|) , means simply that 



F + X{S + S) = N, (V-6.20) 

with the X dependent function N written in terms of X{(j), (p, S + S). The determination 
of the normalization of the kinetic terms of S, S is left as an exercise. 



V-7 Several Linear Multiplets 

The linear superfield formalism can be easily generalized to accommodate several linear 
multiplets. Noting L\ with I = 0, 1, ...,n, the n + 1 copies of linear superfields we will 
have a set of + 1 modified linearity conditions 

{V^-8R^)L' = 2kl.tTWl, (V-7.1) 
{V'^-8R)L' = 2kl.tTWl. (V-7.2) 
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Here the subscript g indicates that different hnear combinations of Chern-Simons forms 
(Yang-Mills potentials for different gauge groups) may couple to different antisymmetric 
tensors. 

In this general scenario the kinetic potential K and the subsidiary function F will be 
functions of the n + 1 superfields V. The superfield action 



£ = -3 



jEF{cj>,4>,L'), (V-7.3) 



depends implicitly on K{(f), 0, L') through E due to the geometric construction. 

The presence of several linear superfields implies that different gauge sectors may have 
different gauge coupling functions. The determination of the explicit form of the gauge 
coupling and normalization functions follows exactly the same steps as in the case of a 
single hnear superfield, taking now the chiral superfields r and f to be 

r = ~iV'-8R)Fi<l>,4>,L'), r = —{V - 8R^)Fi<f>,4>, L'). (V-7.4) 
As a result, the normalization function takes the form 

N{<P,^,L') = (V-7.5) 
whereas the gauge coupling functions are given as 

ro(0,0,L') = (F,-jK,)kl (V-7.6) 

We use here the notation L ■ F^ — L^Fi, with Fi denoting the derivative of F with respect 
to L\ and the same for K. The gauge coupling and normalization functions satisfy the 
sum rule 

L'r(i) + N = F, (V-7.7) 

with r(i) identified as Fg = Ffij /c^. The brackets indicate that the enclosed subscript docs 
not refer to a derivative. It is also interesting to note that the kinetic term g'^'^dmL^ dnL^ 
is multiplied by a function 

Cpj) = F„ - \{NK,, + N,K, + N,K,). (V-7.8) 
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The effective transformations in the case of a single hnear multiplet generahze as well. To 
this end we observe first of all that a replacement 

^ F(0,0,LHlV„(0,0), (V-7.9) 

leaves the normalization function ( |V-7.5| ) as well as the sum rule ( |V-7.7| ) invariant, whereas 
the gauge coupling function changes as 

r,)(0,0,L^) ^ r(:)(0,0,^') + (v-7.10) 



The counterpart of the effective action ( |V-4.14 ) in the presence of several multiplets 
becomes 



Ain = -3 jEL%,{<j),<f)), (V-7.11) 

with effective transformations 

^ ^0(0,0) (0) (V-7.12) 

giving rise to 

Ain - Ain + ^ /f tr + ^ /^i?(:)(0) k^trWl (V-7.13) 

This shows that the case of several linear multiplets is more flexible in view of possible 
applications to anomaly cancellation mechanisms. 

As to the duality transformations between the linear and the chiral superfield formal- 
ism we will make use of n + 1 unconstrained real superfields together with the real 
combination Si + Si of chiral superfields. The first order action ( |V-5.10| ) generalizes then 
to 

C,oy = -3 Je [F(0,0,X') + {X' - k'^n^){Si + Si)] , (V-7.14) 

with Qa the Chern-Simons superfield pertaining to the gauge sector specified by the 
subscript g. Variation with respect to Si, resp. 5*1 gives back the theory in the linear 
superfield formalism, whereas variation with respect to X^ gives rise to the equation 

{Si + Si)(^l-^X-Kx^ =^Ki-Fi. (V-7.15) 
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Again, this should be understood as an equation which expresses, for given kinetic po- 
tential K and subsidiary function F, the previously unconstrained real superfields in 
terms of 0, and Si + Si. 

Coming back to the linear superfield formalism, we note that the particular form ([V-| 



7.5) of the normalization function N suggests to introduce projective variables for the set 



of linear superfields. Choosing a particular linear superfield of reference, say L°, we define 

with I ranging from 1 to n whenever attached to a projective variable ^. The kinetic 
potential K and the subsidiary function F are now supposed to be given in terms of L 
and S^. In this parametrization the normalization function N takes the form 

TP T TP 

N{<PA,L,e) = ^^7^- (V-7.17) 



Here only derivatives with respect to the particular superfield L occur. This closely 
resembles ( |V-4.11| ), except for the additional dependence on the projective variables ^\ 



Likewise, in the effective Lagrangian density one may parametrize 

LV(:)(0,0) = LV{<P,^,e), (V-7.18) 

with (identifying V(o) = V) 

V(0,0,e^) = +eV(,(0,0). (V-7.19) 

Observe that we could have chosen, instead of L^, another superfield of reference, without 
changing the reasoning. Different choices are related in terms of reparametrizations in an 
obvious way. 

As a last remark consider the linear superfield formalism for the case of a trivial 
coupling function N = 1. From the previous discussion, it should be clear that we recover 
the same type of differential equation ([V-4.12| ) as in the case of a single linear multiplet 



F-LFl = 1- ^LKl, (V-7.20) 
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which is solved in the same way, i.e. 

F = l + LV(0,0,e') + § / yi^A(0>,A,e'). (V-7.21) 

In conclusion, the linear supcrficld formalism for the case of several linear multiplets 
exhibits a quite intriguing structure which clearly should be further investigated. It would 
be interesting to pursue this approach in the context of duality transformations and the 
construction of the respective component field actions. 
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VI 3-FORM COUPLING TO SUPERGRAVITY 

VI- 1 General remarks 

The 3-form supermultiplet is, besides the chiral and hnear multiplet, yet another super- 
multiplet describing hehcity (0,1/2). It consists of a three-index antisymmetric gauge 
potential Cimn{x), a complex scalar Y{x), a Majorana spinor with Weyl components 
Va{x), ri°'{x) and a real scalar auxiliary field H{x). 



In superfield language |]S2|, it is described by a chiral superfield 

D'^Y = 0, DjY = 0, (VI-1.1) 
which is subject to the additional constraint 

B^F-BV = |.-»E„„„, (VI-1.2) 
with the field strength of the 3-form gauge potential defined as 

Sfcirnn = dkClmn ~ dlCmnk + dmCnkl ~ dnCklm- (VI-1.3) 

It is invariant under the transformation 

Clmn ^ Clmn + dlAmn + dm-^nl + dn^lm-, (VI-1.4) 

where the gauge parameters A^n = —^nm have an interpretation as a 2-form coefficients. 

The component fields of the 3-form multiplet are propagating: supersymmetry couples 
the rank-3 antisymmetric tensor gauge potential with dynamical degrees of freedom. This 
should be compared to the non-supersymmetric case, discussed in the context of the cos- 
mological constant problem ||104] , p6| , |58| , where the 3-form does not imply dynamical 



degrees of freedom. 

In section |V1-2| the superspace formulation of will be adapted to the background of 
Uk{X) superspace, providing the geometric structure underlying the couphng of the 3-form 
multiplet to the general supergravity/matter /Yang-Mills system (and to linear multiplets, 
if desired). We discuss in particular the 3-form Bianchi identities in the presence of 
appropriate constraints and define supergravity transformations on the superfield and 
component field levels. 
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As constraint chiral superfields, subject to the additional constraint ( |V1-1.2| ), Y and 
Y derive from one and the same real pre-potential fl superfield such that 

Y = -AD^n, Y = -AD^n. (VI-1.5) 

In appendix ^ we present a detailed derivation of the explicit solution of the 3-form 
constraints in the background of U{1) superspace and identify the unconstrained pre- 
potential Q in this general geometric context. 

The 3-form superfields Y and Y differ from usual chiral superfields, employed for 
the description of matter multiplets in yet another respect: they have no n- vanishing 
chiral weights. This property modifies considerably the possible supergravity couplings, 
compared to the case of vanishing chiral weights. In section [VI- 3| we give a very detailed 
account of the couplings of the 3-form multiplet to supergravity and matter. 

Although the study of the 3-form multiplet is interesting in its own right, it has an in- 
teresting application in the description of gaugino condensation. There, as a consequence 
of the chirality of the gaugino superfields, the composite superfields tr(>V^) and tr(>V^) 
obey chirality conditions 

tr(W2) = 0, tr(W2) _ g, (VI-1.6) 

as well. On the other hand, the gaugino superfields are subject to the additional constraint 
( |VI-1.2| ), which translates into an additional equation for the composites, corresponding 



to |VI-1.2| . At the component field level this implies the identification 

DHt{W')\ - D2tr(W2)| = te'^^-tT{f,J^^), (VI-1.7) 

where the topological density 

^''"^"tr(/,J_) = -^e^'™"4Q,_, (VI-1.8) 

plays now the role of the field-strength and the Chern-Simons form (which, under Yang- 
Mills transformations changes indeed by the derivative of a 2-form) the role of the 3-form 
gauge potential. The analogy between the Chern-Simons forms in superspace and the 3- 



form geometry is discussed in detail in appendices F-2, F-3, and has already been exploited 



in section V-2. 
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VI-2 The 3-Form Multiple! Geometry 

The superspace geometry of the 3- form multiplet has been known for some time |8^. 
Its couphng to the general supergravity/matter /Yang-Mills system is most conveniently 
described in the framework of Uk{^) superspace -cf. section [ill-4|. This approach is par- 



ticularly useful in view of the non trivial Kahler transformations of the 3-form superfield 
Y. Moreover, it provides a concise way to derive supergravity transformations of the 
component fields. 

VI-2.1 Constraints and Bianchi identities 

The basic geometric object is the 3-form gauge potential 

C = ^dz'^dz^'dz^'CNML. (VI-2.1) 
subject to 2- form gauge transformations of parameter A = ^^dz'^^ dz^ Knm such that 

C ^ C + dK. (VI-2.2) 

The invariant field strength 

T. = dC = ^E^E''E^E''j:dcba, (VI-2.3) 
is a 4-form in superspace with coefficients 

i.^A^iJ^C^D j.^^^^ ^ l_^^A^B^C^D (4 J)^CcBA + 6 Tdc^Cfba) ■ (VI-2.4) 

Here, the full t/x(l) superspace covariant derivatives and torsions appear. Likewise, the 
Bianchi identity, = 0, is a 5- form with coefficients 

i.^A^B^c^D^i? ^5 Ve^dcba + 10 Ted^^fcba) = 0. (VI-2.5) 

In these formulas we have kept the covariant differentials in order to keep track of the 
graded tensor structure of the coefficients. 

The multiplet containing the 3-form gauge potential is obtained after imposing con- 



straints on the covariant field-strength coefficients. Following 82 we require 



^s^p A = 0, (VI-2.6) 
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where a ~ a, d and A ~ a, a, a. The consequences of these constraints can be studied by 
analyzing consecutively the Bianchi identities, from lower to higher canonical dimensions. 
The tensor structures of the coefficients of S at higher canonical dimensions are then 
subject to restrictions due to the constraints. In addition, covariant superfield conditions 
involving spinor derivatives will emerge. The constraints serve to reduce the number of 
independent component fields to those of the 3- form multiplet, but do not imply any 
dynamical equations. 

As a result of this analysis (alternatively, appendix [F-l| provides the explicit solution 
of the constraints in terms of an unconstrained pre-potential), all the coefficients of the 
4-form field strength S can be expressed in terms of the two superfields Y and F, which 
are identified in the tensor decompositions 

ha = ^{atae)5-yY, S"^^ fe, = ^{cJbaef^Y. (VI-2.7) 

As a consequence, the Uk{^) weights of Y and Y are 

w{Y) = +2, w(Y) = -2. (VI-2.8) 

This implies that the covariant exterior derivatives 

VY = dY + 2AY, VY = dY~2AY, (VI-2.9) 

contain A = E^'^Am, the ?7k(1) gauge potential. On the other hand, the Weyl weights 
are determined to be 

uj{Y) = uj(Y) = +3. (Vl-2.10) 

By a special choice of conventional constraints, i.e. a covariant redefinition of Ccba, it is 
possible to impose 

= 0. (VI-2.11) 
The one spinor-three vector components of S are given as 

^5cba = --^(^%^dcboP^Y , ^Kba = +Y^^'^^^ ^dcbal^sY. (VI-2.12) 

At the same time, the superfields Y and Y are subject to the chirality conditions 

V^Y = 0, V^Y = (VI-2.13) 
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and are further constrained by the relation 

-e'^^^^Edcfea = {V^ - 24R^) Y - {& - 2AR) Y, (VI-2.14) 
3 

indicating that the imaginary part of the F-term of the 3-form superfield is given as the 
curl of the 3-form gauge potential, with a number of additional nonlinear terms due to 
the coupling to supergravity. 

In conclusion, we have seen that all the coefficients of the superspace 4-form S, sub- 
ject to the constraints, are given in terms of the superfields Y and Y and their spinor 
derivatives. It is a matter of straightforward computation to show that all the remaining 
Bianchi identities do not contain any new information. 

VI-2.2 Component fields and supergravity transformations 

As usual, we define component fields as lowest components of superfields. First of all, the 
3-form gauge potential is identified as 

Cklm\ = Cklmix). (VI-2.15) 

As to the components of Y and Y we define 

Y\ = Y{x), VaY\ = V2r]4x), (VI-2.16) 

and 

Y\ = Y{x), V^Y\ = y/2t{x). (VI-2.17) 
At the level of two covariant spinor derivatives we define the component H[x) as 

V'^Y\+'DW\ = -8H{x). (VI-2.18) 

The orthogonal combination however is not an independent component field. Projection 
to lowest components of ( [VI-2.14|) shows that it is given as 

V^Y\ -&Y\ = -—e^^-^^dkCi^n + 2^2^ (V'ma'")"//, - 2^21 {iP^a^)^^ 

-4(M + y + 4(M + V^n.a'^^n) Y. (VI-2.19) 
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This expression provides the supercovariant component field strength of the 3-form gauge 
potential, displaying the modifications which arise from the coupling to supergravity: here 
the appearance of the Rarita-Schwinger field and the supergravity auxiliary field, in the 
particular combination MY — MY . 

The component fields in the supergravity, matter and Yang-Mills sectors are defined 



as usual -cf. section [IV- 1| . Some new aspects arise in the treatment of the field dependent 
Uk{^) pre-potential due to the presence of the fields Y and Y, carrying non- vanishing 
f/x(l) weights. It is for this reason that we refrain from calling K a Kahler potential, we 
rather shall refer to the field dependent f/x(l) pre-potential as kinetic potential. 

Before turning to the derivation of the supergravity transformations we shortly digress 
on the properties of the composite Uk{^) connection arising from the kinetic pre-potential 

K{cf>,Y,^,Y), 

subject to Kahler transformations 

i^(0,F,0,F) ^ ir(0,y,0,F) + F(0)+F(0). 

Requiring invariance of the kinetic potential under Uk{^) transformations of the super- 
fields Y and Y, implies the relation 

YKy = YKy, (VI-2.20) 

which we shall use systematically]^ The composite f/i^(l) connection derives from the 
commutator term [Da,T>a]K, which, in the presence of the 3-form superfields is given as 

[V^, V^]K = 2iKkVc,a(t>^ - 2iK-kVaa(p'' + 2iKYV^^Y - 2iKyV^aY 

+2Kj^jp^m^Vj!^ + 6 {YKy + YKy) (VI-2.21) 

where we use the shorthand notation = and ^'•^ = with obvious 

meaning for Kj^. The important point is that on the right hand the Vk^X) connection, 
^^The special kinetic potential 

0, r, Y) = log {X{<i>, 0) + Z{<i>, 0) YY\ , 
where X and Z are functions of the matter fields, is a non-trivial example which satisfies this condition. 
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A, appears in the covariant derivatives of Y and Y due to their non- vanishing 
weights. Exphcitly one has 

Vo^cX] = a™ (^dmY-2AmY-^iJm^r]^^ , 
V^aY\ = aZ {dmY + 2AmY - • 



Substituting in the defining equation for A^ ( P-11-4.2CI| ) and factorizing gives then rise to 
i 11 



+KYdmY -KydmY + iai"K_^_A'^^^i ). (VI-2.22) 



a a 

As above, we use the shorthand notation "^-^ = (Xa^Va) and f'^ = (xlyVa)- As is easily 
verified by an exphcit calculation, A^, defined this way transforms as it should under the 
Uk{^) transformations given above, i.e. 

Observe that the factor (1 — YKy)'^ accounts for the non-trivial Uk{^) phase transfor- 
mations 

Y ^ Ye-'^"^^, Y ^ Ye^'^"^^, 

of the 3-form superfields. 

We turn now to the derivation of supergravity transformations. In section |III-4.2| they 
were defined as combinations of superspace diffeomorphisms and field dependent gauge 
transformations. In the case of the 3-form one has 

SC = {i^d + di^)C + dK = i{L + d{K + i^^C) , (VI-2.23) 

the corresponding supergravity transformation is defined as a diffeomorphism of parameter 
= i^E^ together with a compensating infinitesimal 2-form gauge transformation of 
parameter A = —t^C, giving rise to 

5wzC = = ^E^E^E^e^S^cBA. (VI-2.24) 
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The supergravity transformation of the component 3-form gauge field Ckim is then simply 
obtained from the double bar projection [jlT| (simultaneously to lowest superfield compo- 
nents and to space-time differential forms) as 

5wzC|| = ^dx^dx'dx'^d^^C^ik = ^e^e^e^e-S5CBA|. (VI-2.25) 



Taking into account the definition = E^\\ (|IV-1.1| , [1V-1.2| ) and the particular form of 
the coefficients of S we obtain 

^WzC^fc = ^ (e>> - Snmlk + \l [{i'mOlki) Y + {i^mOlki) Y] . (VI-2.26) 

J-D ^ Jmlk 

Let US turn now to the transformations of the remaining components. To start, note 
that at the superfield level, one has 

5^^Y = i^dY = i(DY -2i^AY, (VI-2.27) 
5^,F = i^dY = i{DY + 2i^AY. (VI-2.28) 

Taking into account the explicit form of the field-dependent factor i^A\ = C,-Aa \ -compare 
to ( llV-1.251) - one finds 



6^,Y = V2c\^il ~lYKy)v^-^YK,xlj + ^UY{Kyr^'' + Kj,r'^ 
5wzF = V2^.S^(l-hYKy)r-^YK-,r''^ + ^^^ 

(VI-2.29) 

It is more convenient to use a notation where one keeps the combination 

S = I = {Kkx'a + KrVa) - {KkX"' + Kyr^") , (VI-2.30) 

giving rise to a compact form of the supersymmetry transformations 

6^^Y = V2CVa - 2 S F, <5wzF = ^2 ^a^" + 2 SF. (VI-2.31) 



135 



The transformation law for the 3-"forminos" comes out as 

+ 4=ea {(M + 7/>^a™>n) Y-{M + i)^a^'^i)n) Y) , (VI-2.32) 
v2 

and 

--^r {(M + V'm^x'^^n) r - (M + F} . (VI-2.33) 
Finally, the supergravity transformation of H is given as 

+Y I + YCX^ I - + ^(r^i^m)H 

- ec^'V^O {(M + V-ma^^^n) r - (M + ^^a'^^n) F} . (VI-2.34) 
Note that in the above equations we changed "D-derivatives into V-derivatives as in 



section ^-2| -cf. ( P^V-2.15| ), ( PV-2.16| )- using a redefined Uk{l) connection Vmix) = Ajn{x) + 

2 ^m"'ba. This allows to keep track of the auxiliary field ba, otherwise concealed in the 
numerous covariant derivatives occurring in the Lagrangian. We still have to work out 
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the component field expressions for | and X"" | from the superfields 

X^ = _ 8i?) V^K, X^ = - 8i?^) P"is:, (VI-2.35) 

given in terms of the matter and 3-form supcrfield dependent kinetic potential K. This 
can be achieved in successively applying the spinor derivatives to K. Alternatively, one 
may use the expression 

4 4 o 

^-%E<^Ga (l - liYKy + YKy)] , (VI-2.36) 



for the composite Uk{^) connection, take the exterior derivative dA = F and identify X"' 
and Xn, in the 2-form coefficients 



Fpa = + + = -laf X, + '^V^G.. (VI-2.37) 



A straightforward calculation then yields the component field expression^^ 



and 



+ {(M + ^^a--^„)y- (M + ^^a™>„)F} (VI-2.38) 



- YKy)\ = _ -L^^^^^^ 



We make use, in the Yang-Mills sector, of the suggestive notations 
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\Pi - -- 1 M 



^ ^^if^^{(M + 7/>^a"^>n)l^-(M + ^^a"^>„)>^}- (VI-2.39) 



2^2 

These are the component field expressions which are to be used in the transformation law 
of H ([VI-2.341) . The same expressions will be needed later on in the construction of the 



invariant action. 



VI-3 General Action Terms 

In section iV-5 we have explained in detail the construction of supersymmetric and f/x(l) 



invariant component field Lagrangians starting from a generic chiral superfield r of f/x(l) 
weight w{r) = +2 and its complex conjugate f of weight w{f) = —2. We will apply this 
construction to the case of 3-form superfields coupled to the supergravity /matter /Yang- 
Mills system. The generic Lagrangian -cf. ([1V-4.22| )- is given as 

— If — 
£(r,r) = e(f + f) + -^(^^a™s + 7/;^a™s) 

-e r (M + ^„ or"^>0 - e r (M + (t"^>„) . (VI-3.1) 

Particular component field actions are then obtained by choosing r and r appropriately. 
The complete action we are going to consider here will consist of three separately super- 
symmetric pieces, 

£ ^supergravity+matter ~l~ -^superpotential ~l~ -^Yang— Mills • (VI-3. 2) 

In the following we shall discuss one by one the three individual contributions to the 
total Lagrangian. 

VI-3.1 Supergravity and matter 

The starting point is the same as in section p.V-5.1|, we replace the generic superfield r 



with 

■''supergravity+matter 3-R. (VI-3. 3) 
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The difference with section [iV-5.1| is that now the component field Lagrangian must be 



evaluated in the presence of the 3-form gauge field. As in |IV-5.1| we decompose the 
supergravity/matter action such that 

£supergravity+mattcr -^supergravity ~l~ ^'Djna.tter; (VI-3.4) 

where the pure supergravity part is given by the usual expression, i. e. 

^supergravity = ^ + | {^kCTlV^iJn ' i^k<T{Dm^n) " ^ MM + ^ 

except that the Uk{^) covariant derivatives of the Rarita-Schwinger field contain now the 
new composite Uk{^) connection as defined above. For the matter part, the D-term matter 
component field Dmatter is defined in ([1V-0.2|) in terms of the UxiX) gaugino superfield 
Xa- We therefore have to evaluate the superfield V^Xa in the presence of the 3-form 
multiplet i.e. apply the spinor derivative to the superfield expression 

- -^KMc'^a^^'D'^^^V^m^ - 2iK,,{W^- ct>f . (VI-3.5) 

Remember here, that we are using the space-time covariant derivative Vq,q,, which by 
definition does not depend on the superfield Gad- In full detail 

V^aY = VaaY - 3i G„^F, V^^Y = V^aY + 3i G^^Y, (VI-3.6) 



3^ 3i 

V^^V^Y = VaaV^Y--G^^VpY, V^^VpY = W c^aVpY + - G^^VpY. (VI-3.7) 

In deriving the explicit expression for V'^Xa, we make systematic use of this derivative, 
which somewhat simplifies the calculations and is useful when passing to the component 
field expression later on. In applying the spinor derivative to ([VI-3.5|) it is convenient to 
make use of the following relations 

V^V^Y = -2«V„aF, (VI-3.8) 
V^VW = -AiVaaVW +2G^aVW -8XjY, (VI-3.9) 

V^&^^ = -AiVaaV^^^ + 2GaaV'^^^ + 8{Wa-^f . (VI-3.10) 
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In order to obtain a compact form for V^X^, we introduce K^-^ as the inverse of Kjj^ 
and we define 

-AF-^ = V^^^ + T^Bc1^"^'^1^a'^^, (VI-3.11) 

-AF^ = &^^ + f^sc'^a^^'^'^^^, (VI-3.12) 

with 

T^sc = K^-^K^BC, f-^sc- = K^-^K_^Bc- (VI-3.13) 
Moreover we define the new covariant derivatives 

Va^P"^-^ = V«a2^°^-^ + r-^BcVa«^^P"^^, (VI-3.14) 

Vaat)"^^^ = VaaV"^-^ + f-^BC^c.a^^T)^^^. (VI-3.15) 

Then, the superfield expression of V^Xa becomes simply 

2i P"X„ (1 - YKy) = 4i YK^Y X'^V^^^ + 4i YKyA XJ)^^^ 
-2i Kj^A V""^''^ V^A^-^ - 4i Kj^A F-^F^ 

-\t^abab ^^"^^ T^o.^^ '^a^^ ^"^^ 



-At K,A Va^^ (W"- 0)' - 4^ K_^-, D"^-^ (>V„- 0)1 (VI-3.16) 

This looks indeed very similar to the usual case ( |1V-2.13| ). One of the differences however 
is that the F-terms and their complex conjugates for the superfields Y and Y have special 
forms. So we obtain for the matter part 

{l-YKy)T>M.tter = -^2 X'' \ Y K - V2 X^\ Y KyA 



^\ ^ABAB < H - \ Kaa ^"-^ ^^-^^o 
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(A„ ■ + (A" ■ Af, (VI-3.17) 



with the terms in the first hne given as 



V2X"| YK^y - V2X^\^''^YKya 



1-YK 



Y 



1 
1 

3 



(VI-3.18) 



-% ^YKj,y {K -Af^i V2YKya H (A" ■ Af 



VI-3.2 Superpotential 

In the usual case where we consider only Uk{^) inert superfields like and (p^, the 
Lagrangian is obtained from identifying the generic superfield r with 



I'superpotential 



(VI-3.19) 



as in ( P^V-5.9|) of section P^V-5.2| . In the present case the superfield W is allowed to depend 
on the 3-form superfield as well. As we wish to maintain the transformation W{(j)) ^ 
e~^W{(j)) for the more general superpotential W{(f),Y), we must proceed with care due 
to the non zero weight of Y. In order to distinguish this more general situation from the 
usual case, we use the symbol V for the chiral superfield of weight w(V) = 2, defined as 



(VI-3.20) 
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where we have allowed for a parameter What happens under a Kahler transforma- 
tions ? Assigning a holomorphic transformation law Wn i— > f^'^^Wn to the coefficient 
superfields, we find 

e°"-^/2V^„(0)r" ^ g(a„ReF-/3„F-mImF) e"«^/2W/„(0)F". (VI-3.21) 

Consistency with the transformations of W and Y then requires q;„ = /3„ = 1 — n, hence 

V = ^ [e-^/^Y] " . (VI-3.22) 

This suggest to define the superfields 

y = e-^/^y, y = e-'^/^F, (VI-3.23) 

as the basic variables in the construction of the superpotential term, i. e. 

V = W{(t), y), V ^ e^l'^ WQ>, y). (VI-3.24) 

Note that, by construction, y transforms as a holomorphic section. We can now pro- 
ceed with the construction of >Csuperpotentiai, taking V as starting point in the canonical 
procedure. 

We parametrize the covariant spinor derivatives of V such that 

VaV = S^P,*-^ (VI-3.25) 

and 

V^V = -4E^F-^ + E^P"^'^P„^^- (VI-3.26) 
The various components of the coefficients E_4 and E ^ are given as 

Efc = e''/\Wk + KkW)-YWyKk, (VI-3.27) 

Ey = e^^'^WKY + Wyil-YKy) (VI-3.28) 

and 

^ki = {e''/^W-YWy){Kki + KkKi) 
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+e-^/2 y2 i;^^^;^^!^^^ _ S^F-^h, (VI-3.29) 

(1 - YKy) + e^/^l^fciTy 

YKkWyy (1 - FiTy) - S^r-^fcy , (VI-3.30) 

Eyy = (e^/2y^-yiyy)(Kyy + KyKy) 

+e~'"^Wyy (1 - riry)2 - S^r-^yy. (VI-3.31) 

Complex conjugate expressions are obtained from 

p = e^/W(0,y), (VI-3.32) 

with y = e~^/^y. Making use of the superpotential superfield and the corresponding 
definitions given above one derives easily the component field expression 

^Auperpotential = S^F^^ - ^ S^g^^-^^f + ^ (V^n^Cl'"^-^) 

- e^/'^W (M + ipm^"'''iJn) + h.c. . (VI-3.33) 

VI-3.3 Yang-Mills 

Finally the Yang-Mills action is obtained in replacing the generic superfield r with 



I'Yang 



-Mills = J/(r)(s)W(^)'^>V(^\ (VI-3.34) 



in the same way as in (P!V-5.20|) of section |IV-5.3| . Assuming the gauge coupling functions 



to be independent of the 3-form superfields, the resulting component field expression has 
the same form as in ( [1V-2.20| ), which we display here in the form 

-/:Yang-Mills = -^/mW [ /^''^ '"^ /^^^ + 2^ AMcx'^V^A ^ + 2^^^™ V^A« 

e 4 ^ ^ 
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1 9f(r){s) 

4 dA^ 
4 dA' 

+ 8 [dA'^dAi dA^ 'V ^^^^ ^ ^ 



plus V^m, V^m dependent terms. (VI-3.35) 

In the covariant derivatives of the gauginos 

V^AW = 9„AW - cu^^'^Aj;) + t;^AW - aWAWc(,)(,)M, (VI-3.36) 
V„,AM" = 9„AM'^-a;„VM^-t;^AM°-aWAW°C(,)(,)« (VI-3.37) 

defined as in ( p!V-2.15D , ( P^V-2.16D the composite Kahler connection is now given in terms 
of ([VI-2.221) , displaying the dependence on the 3-form multiplet. The Yang-Mills field 
strength tensor is given as usual 

= c^^aW - 9„aM + aWc(,)(,)«. (VI-3.38) 
VI-3.4 Solving for the auxiliary fields 

Although this is standard stuff, we detail the calculations to make clear some subtleties 
related to the inclusion of the 3-form. In the different pieces of the whole Lagrangian, we 
isolate the contributions containing auxiliary fields and proceed sector by sector as much 
as possible. 

Diagonalization in ba makes use of the terms 

K = Ib^ba - ^M^A {^^a''^^) ba + ^fir)is) (A^'^V^A^^)) 6,, (VI-3.39) 

with 

Maa = ^_YKy ^"^^ (VI-3.40) 
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whereas the relevant terms for the Yang-Mills auxiliary sector are 

The F-terms of chiral matter and the 3-form appear in the general form 

Ap^F = F^Mj^F^ + F^P4 + PaF^^ (VI-3.42) 

with the definitions 

Pk = S,-i5^^(AMA(^))-yM^gM,^^f^"-^, (VI-3.43) 

Py = -YMybMya^I^^^- (VI-3.44) 

We write this expression as 

where M-^-^ is the inverse of M_4_4 and in particular 

^ Myy - MYk 271^'^ M^Y, (VI-3.46) 



with m'''' the inverse of the submatrix M^^, related to the usual Kahler metric. Moreover 

jrk ^ pk^ ^p. ^ F^Myi) (VI-3.47) 

y'' = F~^ + OJl^^ (^Pk + Mj^yP^) , (VI-3.48) 

and _ 

jrY ^ + P^M-^^, = F^ + M^-^P^. (VI-3.49) 



We use now the particular structure of the 3-form multiplet to further specify these F- 
terms. Using ( |V1-2.18| ), ( |V1-2.19| ), ( |V1-3.11| ) and ( |V1-3.12|) we parametrize 

7- . (V,.3.51) 
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with 



as well as 



= -h:^i3c1^"'^^1^a'^^ + PaM-^^, (VI-3.52) 
= -^T^scl^a^^l^"^^ + M^^Pa, (VI-3.53) 



4 1 



-e 



3 ^ 2V2 
+ ^ [(V^n^c^'">„) F - (V^^a'"^^) F] . (VI-3.54) 



In terms of these notations the last term in ([Vl-3.45| ) takes then the form 



Y ^ 1 I rr . r + f 



MYY 

1 / MY-MY - f^Y 

+ A + + — . Vl-3.55 

I 2i 2i j ^ ' 

In this equation the last term makes a contribution to the sector M, M and the 3-form 
we consider next. Except for this term, the sum of Kb-, ^T)-, ^f,f will give rise to the 
diagonalized expression 

e 3 2 

\ 2 J 16 

- ^D(,)(/-i)M(^)D(,)-P^M'^'^P^, (VI-3.56) 

where ba = ba + with 

B„ = -M^ [^-^CTa^^) + fir)(s) (A^'V^A^^^) , (VI-3.57) 
and = + (/-1)W(^)D(,) with 
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Use of the equations of motion simply sets to zero the first four terms, leaving for the 
Lagrangian 



e 16 2 ' ^ Myy 



Pz-P. 



Y 



YY 



Yk \ j^kk 



Pk 



kY 



Y 



YY 



(VI-3.59) 



where we have block diagonalized M-^-^. 

As to the M, M dependent terms of the full action we observe that they are intricately 
entangled with the field strength tensor of the 3-form, a novel structure compared to the 
usual supergravity-matter couplings. The relevant terms for this sector are identified to 
be 



A 



M,M 



+ 



3e^|ll/|2_l|M + 3e^/2W^P 



(VI-3.60) 



One recognizes in the first two terms the usual superpotential contributions whereas the 
last term is new. This expression contains all the terms of the full action which depend 
on M, M or the 3-form Ckim- The question we have to answer is how far the M, M sector 
and the 3-form sector can be disentangled, if at all. Clearly, the dynamical consequences 
of this structure deserve careful investigation. 

The 3-form contribution is not algebraic, so we cannot use the solution of its equation 
of motion in the Lagrangian [Q. One way out is to derive the equations of motion and 
look for an equivalent Lagrangian giving rise to the same equations of motion. Explicitly 
we obtain for the 3-form 



dk 



solved by setting 



A - — (MY - MY) + — 



Y 



0, 



(VI-3.61) 



A- — (Mr-Mr) + — 



(VI-3.62) 
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where c is a real constant. Then the e.o.m.'s for M and M read 

M + ^e^/'^W = -3tcY, M + Se^^W = 3icY. (VI-3.63) 

At last, we consider the e.o.m. for e.g. Y, in which we denote by C{Y) the many 
contributions of Y to the Lagrangian, except for A^.^jj, 

SdmY 6Y 5Y ^ ^ 

Using (3.42) and (3.43) the last term takes the form 

^■^Mj^I S { n K ITJT , ■ 1 2 2i\jYY ■ i cY rY\ 

— ^— = < 3e \W + zcy\ — c M —icif —f) 

-IC [(V'n^a'">n) Y - (V^™a'">„) F] 



{i^n^^"'V-i^rna'^fi)Y (VI-3.65) 



72 

This suggests that the equations of motion can be derived from an equivalent Lagrangian 
obtained by dropping the 3-form contribution and shifting the superpotential W to 
W + icy. This can be seen more clearly by restricting our attention to the scalar degrees 
of freedom as in the next section. 

VI-3.5 The scalar potential 

The analysis presented above allows to obtain the scalar potential of the theory as 



V = (S,-(%-zc)^) M'^'^ (S, -^(Sy + zc; 

1 



Myy J \ Myy 



+ (Sy-ic)— — (Sy + «c) -3e-^|iy + zci/|2 

IViyy 

+ ^137^^^ (Tm-^)'(/"')^^^^^^T31^^^ (TW-^)'^ (VI-3-66) 

We note that the shift W ^ W + icy induces i— * and Sy Sy + ic, which are 
precisely the combinations which appear in ( |V1-3.66| ). 

In fact ( |V1-3.66| ) is nothing but the scalar potential of some matter fields (p'^ of Kahler 
weight plus a field Y = ye^^"^ of Kahler weight 2 with a superpotential W + icy in the 
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usual formulation of supergravity. In order to show this, let us consider y and y as our 
new field variables and define 

i^(y,0,F,0)=/C(i/,0,y,0), (VI-3.67) 
Taking as an example the Kahler potential in footnote ( p^Hf ) with Z = 1, we find 

y = Y{X + YY)-^/^, y = Y{X + YY)-^/^, (VI-3.68) 

and therefore 

IC{y,y) = logX(0,0)-log(l-yy). (VI-3.69) 

which is a typical Kahler potential with SU{1, 1) noncompact symmetry. 

We can express the matrix and its inverse M-^-^ in terms of the derivatives of 

/C, namely ICj^^ and of its inverse K,-^-^ ( A denotes k, y as well as k, Y depending on the 
context). Then it appears that the expression of the scalar potential becomes very simple 
as we use the relevant relations. Indeed, using the following definitions 

W = W + icy, dJv = Wa + ICaW, (VI-3.70) 

we obtain 

V = e'^ (^dJvIC^-^DaW -SlWl"^^ 

+ ^/Cs (T(,).A)^(/-i)«W/Cfc (T(,).A)\ (VI-3.71) 

which is the familiar expression of the scalar potential of the scalar fields and y in the 
standard formulation of supergravity. 



149 



VII CONCLUSIONS 

Since the upsurge of supersymmetry, a number of formalisms have been developed in or- 
der to cope with the notorious complexity of this Fermi-Bose symmetry, in particular in 
the context of supergravity, for a sample of review articles see for instance |130| , |131| , 
63|, |62|, Bl, BR |107|, |31|, HI] . Among these formalisms are tensor calculus, the superconfor- 



mal compensator method and the group manifold approach. It would be an interesting 
undertaking to establish explicitly the relation among these different approaches and to 
superspace geometry, which is however certainly beyond the scope of this report. 

Methods of superspace geometry are convenient in the discussion of the conceptual 
aspects of supersymmetric theories and useful in the derivation of component field ex- 
pressions and have a wide range of applications. 

In this report we have focused on the Kahler superspace approach to the construction 
of the general couplings of matter and Yang-Mills theory to supergravity. As a solid 
understanding of this subject is central for further applications and developments, we have 
made an effort to present the conceptual foundations and the technical ramifications in full 
detail. In order to demonstrate the way the geometrical formulation works, we included 
a detailed description of the couplings of linear and 3-form multiplets to supergravity. 

There are other topics, which have been discussed in this geometric context, but which 
are not included in this report. Among them are the algebraic description of anomalies in 



supersymmetric theories ||93| and the construction of the geometric BRS transformations 

We also refrained from a discussion of conformal supergravity and the construction of 
curvature-squared terms and supersymmetric topological invariants. Gravitational Chern- 
Simons forms, which are closely related to the 3-form geometry presented here, and their 
coupling to linear multiplets have a rather transparent formulation in the geometric con- 
text. 

Let us also mention the systematic description of the alternative incarnations of su- 
pergravity, new minimal and non-minimal, in the framework of superspace geometry in 
relation with the identification of the reducible multiplet. 

Finally, we have restricted ourselves to = 1, D = 4 supersymmetry. Superspace 
geometry has been widely employed in the investigations of extended and higher and 
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lower dimensional supersymmetry. 

The methods discussed in this report have a potential interest for discussing effective 
superstring field theories and have been extensively used in this respect. We discuss in 
what follows some of these potential applications. 

As stressed in section [V-l| , the linear multiplet plays a central role in the field theory 
limit of superstring theories. Its bosonic component consists of a scalar field associated 
with dilatation symmetry, the dilaton, and of a pseudoscalar field which has many prop- 
erties in common with an axion field. Its fermionic component, sometimes called the 
dilatino, may be a component of the goldstino field whose presence in a supersymmetric 
theory is the sign of the spontaneous breakdown of supersymmetry. 

The close connections of dilatation symmetry with the vanishing of the cosmological 
constant, of axionic couplings with the cancellation of chiral anomalies and of the goldstino 
with the super-Higgs mechanism certainly make the dilaton-axion-dilatino set of fields a 
system worthy of detailed studies. Supergravity theories provide the natural setting for 
such studies, given the intimate connections noted above with gravity and supersymmetry 
(the dilaton as a Brans-Dicke scalar, the dilatino associated with the possible breaking of 
local supersymmetry). 

In the effective 4-dimensional supergravity theory of weakly coupled 10- dimensional 
string theories, the axion field does not appear as such in the spectrum. Indeed, the mass- 
less string modes include a dilaton and an antisymmetric tensor which, together with a 
dilatino spinor field, form a linear multiplet which plays an important role in the effective 
field theory. As we have seen in section |V-1| , a supersymmetric duality transformation 
relates this linear supermultiplet to a chiral supermultiplet |p.ll|| whose content includes 
the original scalar field as well as the pseudoscalar ( with axion-like couplings) dual to the 
antisymmetric tensor^. However such a transformation only establishes a relationship 
on shell and some relevant properties or some transparence might be lost or hidden in 
the chiral supermultiplet formulation. Moreover, in the context of superstring theories it 
appears that it is the linear multiplet, L, which plays the role of string loop expansion 
parameter. Therefore stringy corrections (perturbative and non-perturbative) are natu- 
rally parametrized by L, which then allows to disentangle purely stringy effects from field 



20 



Such a duality transformation may be related to a string duality in the case of some moduli fields. 
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theoretical ones. This is very clear in the study of gauge coupling renormalization and 
gaugino condensation in superstring effective theories (see below). 

A classical example is the way modular invariance is realized at the quantum level 
in these theories. This invariance involves transformations of the moduli fields, which 
are described by chiral superfields in the case of a weakly coupled string theory. The 
corresponding invariance is realized through some Kahler transformation. The simplest 
example is the case of a single superfield T with Kahler potential K{T, T) = —3 ln(T + T'). 
The modular transformation is then simply a SL{2, Z) symmetry : 

clT — th 

T ^ —— -, ab — cd = 1, a,b,c,dEZ, (VII. 1) 

zcT + a 

which amounts to the Kahler transformation 

K ^ K + F + F, with F = ?,\n{icT + d) (VII.2) 

This invariance is violated by radiative corrections generated by quantum loops of massless 
particles ||112| , p9| , These anomalies are cancelled by two types of counterterms. The 



first one is model independent and is a 4-dimensional version ||29|, ^ of the Green-Schwarz 



96| anomaly cancellation mechanism. As is well-known, this mechanism makes use of the 



presence of the antisymmetric tensor and thus, in four dimensions, it involves the linear 



multiplet L. The other part [g^ which is model-dependent involves string threshold 
corrections depending on the moduli fields. 

These terms play an important role when one discusses issues such as supersymmetry 
breaking. For example, in the classical scenario of gaugino condensation, it proves to be 
very useful, in order to take into account these important one-loop effects, to make a 
supersymmetric description of the dynamics in terms of the dilaton linear multiplet. It 
turns out p^, that, in the effective theories below the scale of condensation, a single 



vector superfield V incorporates the degrees of freedom of the original linear multiplet L 
as well as the gaugino and gauge field condensates. The one-loop terms discussed above, 
i.e. Green-Schwarz counterterm and moduli-dependent string threshold corrections, play 
an important dynamical role [|T3], 0, ^ in this mechanism. 



As we see, one-loop terms play a crucial role in all these applications. Since supergrav- 
ity is not a renormalisable theory, great care must be used in the regularization procedure. 
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In a major effort, Gaillard and collaborators |75| , 114 , 77, |7S| have used Pauli-Villars 
regulators (carefully chosen not to break supersymmetry nor the symmetries of the the- 
ory) to compute the full one-loop corrections to the supergravity effective superstring 
theories theory in the Kahler superspace formalism. 

Similar to the duality between a rank-2 antisymmetric tensor and a pseudoscalar, a 
rank-3 antisymmetric tensor is dual to a constant scalar field. Indeed, such a relation 
was considered some time ago in connection with the cosmological constant problem 



104| p6| , [58| , |5^ . As we have seen in section 0, the role of supersymmetry is striking 
when one considers the rank-3 antisymmetric tensor. Whereas in the non-supersymmetric 
case such a field does not correspond to any physical degree of freedom (through its 
equation of motion, its field strength is a constant 4- form), supersymmetry couples it 
with propagating fields. Indeed, the 3-form supermultiplet ||8^ can be described by a 



chiral superfield Y and an antichiral field Y subject to a further constraint ( |V1-2.14| ) 

sy _ 

-e'^^'"^Erf,fe, = - 24i?t) Y-{&- 2AR) Y, (VII.3) 

where E is the gauge-invariant field strength of the rank-3 gauge potential superfield, Ckim 
i.e. S = dC. Its superpartners, identified as component fields of the (anti)chiral superfield 
Y and Y, are propagating. Supersymmetry couples the rank-3 antisymmetric tensor with 
dynamical degrees of freedom, while respecting the gauge invariance associated with the 
3-form. Let us emphasize (see appendix |F|) that Y is not a general chiral superfield since 
it must obey the constraint above ( |VI1.3| ), which is possible only if Y derives from a 
pre-potential Q which is real: 

F = -4(1)2 _ g^t)^^ Y = - 8R)n. (VII.4) 

Rank-3 antisymmetric tensors might play an important role in several problems of 
interest, connected with string theories. One of them is the breaking of supersymmetry 
through gaugino condensation. Indeed, as we have noted above, the composite degrees of 
freedom are described, in the effective theory below the scale of condensation, by a vector 
superfield V which incorporates also the components of the fundamental linear multiplet 
L. The chiral superfield 

U = - 8R)V, (VII.5) 
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has the same quantum numbers (in particular the same Kahler weight) as the superfield 
W"Wa- Its scalar component, for instance, is interpreted as the gaugino condensate. 

Alternatively, the vector superfield is interpreted as a "fossil" Chern-Simons field [|T^ , 
p!3| which includes the fundamental degrees of freedom of the dilaton supermultiplet. It 
can be considered as a pre-potential for the chiral superfield U as in ( |VII.4|) . 

Another interesting appearance of the 3-form supermultiplet occurs in the context 
of strong- weak coupling duality. More precisely, the dual formulation of 10- dimensional 
supergravity [|^, |8^, |120| , ^ appears as an effective field theory of some dual formu- 
lation of string models, such as 5-branes fS^, |148| , |56| , [57| , ^ |25| , ^ll - The Yang-Mills field 
strength which is a 7-form in 10 dimensions may precisely yield in 4 dimensions a 4-form 
field strength. 
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A Technicalities 



We collect here some definitions, conventions and identities involving quantities which are 
frequently used in superspace calculations. We do not aim at any rigorous presentation 
but try to provide a compendium of formulae and relations which appear useful when 



performing explicit computations. We use essentially the same conventions as [ [153|| , except 
for eoi23 and a" defined with opposite signs. 

A-1 Superforms Toolkit 

Coordinates of curved superspace are denoted = {x"^, 6'^, and differential elements 
dz'^^ = {dx"^,d9^,d9i^), with their wedge product ( A is understood) 

dz^'Uz^ = dz^ dz^, (A-1.1) 

m, n are the gradings of the indices M, A^: for the vector ones, 1 for the spinors. We 
define p-superforms with the following ordering convention 

= ^^dz^\..dz^^nM,...M,- (A-1.2) 

The coefficients VLmp...Mx are superfields and graded antisymmetric tensors in their indices, 
i.e. 

^M,...KU..M,...M, = + fiM,..M,...M,...M,. (A-1.3) 



In agreement with ( [A-1.2| ), we define the wedge product of two (super)forms as follows. 



^p^, = -^dz'''K..dz^'-nM,...M,dz''K..dz''^nN,...N, 
plql 

= ^dz^'\..dz'''-dz''K..dz''^ nN,...N, ^M,...M,. (A-1.4) 
p\q\ 

The exterior derivative, d = dz'^^du such that d"^ = 0, transforms a p-superform into a 
(p + l)-superform 

dQp = ^dz^^\..dz^^''dz^dLnM^ Mi (A-1.5) 
p] 
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and obeys the Leibniz rule 

d(OpOg) = npdng + {-ydripng. (A-i.e) 

The interior product, denoted l^, transforms a p-superform into a (p — l)-superform, it 
depends on a vector field, e.g. ^, with which one operates the contraction 

.^d^^^e"" => 1^^%^ j^^dz^K..dz''''-^^''^nM,...M,. (A-1.7) 

Using the analogue of Cartan's local frame we can define quantities in the local fiat tangent 
superspace (fiat indices are traditionally A, B...,H; A = a, a, a) 

= dz^Eu'^iz), dz^ = E^Ea^{z). (A-1.8) 

Em^{,z) is called the (super) vielbein and Ea^{z) its inverse, they fulfill 

Em^{z) EA^'iz) = 5m^, EA^'iz) Em^{z) = 5a^. (A-1.9) 

The E'^^'s are the basis 1-forms in the tangent superspace. As we defined superforms on 
the dz^ basis, we can equally well define them on the E^ basis 

= ^E^K..E^- nA,...A, (A-1.10) 

and d — E^ Da- As above 

i^E^ = ^ t^n^^ (A-i.ii) 

Relating the coefficients in one basis to the ones in the other implies the occurrence of 
many vielbeins or their inverses, e.g. for a 2-form 

1 1 1 

D ^^MiN D J7<A 771 M rpB rp N Tj ( \h{m+a) ^ ttiA ttiB rp M rp N tj 

^ 2 ^NM — J^NM — [—) 2 ^ -"W^M, 

(A-1.12) 

so that 

D _ / \ 6(m+a) TTi M 771 AT p 

-DBA — I — j -C^A i^NM 

Bnm = {-T^'^+'''^Em^En''Bba. (A-1.13) 
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A-2 Basic Quantities in SO{l,3) and SL{2,C). 

In our notations, the metric tensor rjab with a, 6 = 0, 1, 2, 3 is defined as 

[r}ab] = diag(-l, (A-2.1) 

with inverse 

VacV"' = Sa". (A-2.2) 

The totally antisymmetric symbols Cabcd is normalized such that 

€0123 = +1, 6°'"' = -1. (A-2.3) 

The product of two e-symbols is the given as 

e'^^e^fgH = -SfA, (A-2.4) 

where the multi index Kronecker delta is defined as 

S:%i ^ det [S'j] , (A-2.5) 

with i = a,b,c,d and j = e, /, g, h. In somewhat more explicit notation this can be 
written as 



jrabcd 
^efgh 




- SfSlt + SgXff - K^^lfg. 


(A-2.6) 


irbcd 




- 5gXf + K'^t 


(A-2.7) 


red 




- K'^^g'^- 


(A-2.8) 



Accordingly, the respective contractions of indices yield 



obed 
t te/gd — 


Xabc 
~^efg, 


(A-2.9) 


ubcd , 

e Ce/cd — 




(A-2. 10) 


abed 
e Cebed — 




(A-2.11) 


abed 

' ^abcd — 


-24. 


(A-2. 12) 



In curved space we use the totally antisymmetric tensor Skimm defined by 

^klmn — Cfc ei e„ ^abcd-i (A-2. 13) 
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with ejfc" the moving frame. SL{2, C) spinors carry undotted and dotted indices, a — 1,2 
and a — 1,2. For the case of undotted indices, the symbol — —^pa is defined by 

621 = e^' = +1. (A-2.14) 

As a consequence one has 

e'^Pe^s = -5V^ + <^"5<^^, (A-2.15) 

e'^^egs = S'^s, (A-2.16) 

together with the cychc identity (indices (3, 7, 5) 

^a/S^-yS + ^aS^p-y + ^a-y^Sfi — 0. (A-2.17) 

Exactly the same definitions and identities hold if undotted indices are replaced by dotted 
ones, i.e. for the symbol e^^ = — e^^. 

The e- symbols serve to lower and raise spinor indices. For a two-component spinor 
ipa, we define 

ijj^ = e^^V'a, = ep^r- (A-2.18) 

The cyclic identity implies 

€a/3ipj + e^^i/jf) + ep^i/ja = 0. (A-2.19) 

Again, exactly the same relations hold for dotted indices. The standard convention for 
summation over spinor indices is 

'ipX = X'ip = 'ip^Xa, ipx = X'ip = -ipdX"- (A-2.20) 

The antisymmetric combination of a product of two Weyl spinors is given in terms of 
the e-symbols as 

IpaXfS - i^pXa = +(^cpVx^, (A-2.21) 
i^aXp-i^fiXa = -Cd/j^^X^- (A-2.22) 

Tensors Vaa with a pair of undotted and dotted spinor indices are equivalent to vectors 
Va- The explicit relation is defined in terms of the cr-matrices, which carry the index 
structure cr^^, i.e. 

Vaa - CJ^aaVa. (A-2.23) 
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They are defined as 



We frequently use also the a-matrices, 



a = e '"cr^ = -[ea e) , 



with numerical entries such that 



^0 ^ ^0 ^1,2,3 ^ _^1,2,3_ 



As a consequence of ( |A-2.25D we have also 



[a e)„ = [a e) „, Ua ) ■ = [ea )c, . 



These matrices form a Clifford algebra, i. e. 

(cr a + o- cr = -2r] 



(a 0- + a a j ^ = -ir/ d ^. 
The products of two ci-matrices can be written as 

The traceless antisymmetric combinations appearing here are defined 

)a = ^ - ^ ^ )a ' 

[a ) ^ = -[a a - a a ) ^. 
They are self-dual resp. anti-self-dual, i.e. 
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and satisfy (as a consequence of vanishing trace) 

{ea-'ef^ = -{a'^')/, (ea^^e)/ = -{cr^'f^, (A-2.35) 

{ea^'r = ie^^'f'': {ea^%p = (^-2-36) 

Other useful identities involving two cr-matrices are 

tr((7V'') = -277"^ (A-2.37) 

<7"ad^f = -25 J 5 J, (A-2.38) 

(^"ad CTa/J/j = -2ea^ 6^0, (A-2.39) 

^aaa^$P ^ _2^aP (A-2.40) 

which may be viewed as special cases of the " Fierz" reshuffling 

1 



a rv A, (J 



+{a^feU{ea'^).^ + {a' feU{ea^f).$. (A-2.41) 

As to the products of three cr-matrices, useful identities are 

KV)^. = + (A-2.42) 

(^■^^'laT = ^ V - rt^' + a-y, (A-2.43) 

[a'^a'Y'' = 1 (^"^'^ _ ^^"^^"'i _ -^abcd^ -d7^ (A-2.44) 

(aV^-)"^ = ^ (?7 - ?7«V - ^e"'"'') , (A-2.45) 



and 



((7«aV)^^ = (-r^"^^ + r^^V* - + ie"^"'^) (Jd (A-2.46) 

(aV^'a^)"'' = (-7]"V' + 7?V^-77V^-ie"'"='^)a7, (A-2.47) 



In explicit computations we also made repeated use of the relations 

= -^/<;j + ^5a"cT;^, (A-2.48) 
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= (A-2.49) 
= + (A-2.50) 

af(a»'')/ = (A-2.51) 



tr((T"V'^) = (r/V^-Ty'^V' + ^e"*"^) , (A-2.52) 

tr (a^^'a'^'') = (r^V' - r?"V' - ^e"^"^) , (A-2.53) 
[(T«^(7"'^] = 77"V^'^ - T^'^V'^ - T^^'V"'^ + 77^ (A-2.54) 

{a"^a"'}/ = tr 5/, (A-2.55) 

(e(7«'')"^((7„6e)^5 = -5V^5-5"55^, (A-2.56) 

- ^e,,,,(a"aV'=a'^)/ = 5/, ^e„,,,(aV''aV'^)''^ = 5'^^. (A-2.57) 



Finally let us note that 



<^L{^^nB, = 0, (A-2.58) 



' Iran J afS-y 

with cyclic permutations on vector and spinor indices. 
In the Weyl basis the Dirac matrices are given by 

r - ( ;° ) . (A-2.59) 

A Majorana spinor is made of a Weyl spinor Xa with two components, a — 1,2 and of 
its complex conjugate x° , a — 1,2: 

*M - ' (A-2.60) 

*M = (x",Xd) ■ (A-2.61) 
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A Dirac spinor is made of two different Weyl spinors, Xa, 'P°', 

*D = , = (</:'^Xd) . (A-2.62) 
In the Lagrangian calculations we need to know conjugation rules, 

(^ia'">2)^ = + (^ia">2) = - (^2a™>i) , (A-2.63) 
and some Fierz relations 

{lpl'ip2){XlX2) = -^(^/'lO-'"Xl)(^20-mX2), 

V'aX^j = -^</j(V'<^mX)- (A-2.64) 
A-3 Spinor Notations for Tensors 

We can convert vector indices into spinor indices and vice- versa using a and a matrices. 

Kd = (A-3.1) 

K = -^^f Kd. (A-3.2) 

So the scalar product of two vectors writes 

= -^T^aV""". (A-3.3) 

Tensors T^^, T^^ with two spinor indices have the standard decompositions 

Tap = +eapT + T,j, (A-3.4) 

= -^d/92' + \^, (A-3.5) 

with 

T = ^T^a, f = if>, (A-3.6) 
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and 

= ^(r,^ + r^„), (A-3.7) 

\^ = \{T^p + T^a)- (A-3.8) 

For an antisymmetric tensor with two indices, like = —Fah, in spinor notations we 
have 

p rr"- rr^ TP 

= [(^'"e)/3ae^d + Fu. (A-3.9) 
Using the standard decomposition 

we obtain 

Fpa = +^(<7'"e)/3a i^ba, (A-3.11) 

^4^^ = -^(e^'")/^d ^fa, (A-3.12) 

and vice- versa 

Fba = M^^'F.^ - {ea,af^F^j. (A-3.13) 
As a consequence, the kinetic term reads 

F'^^F^a = 2Fp^ F~ + 2F^. F^. (A-3.14) 
One often uses the dual tensor defined as 

*^dc ^ 1 ^dcba p^^^ (A-3.15) 

whose spinor components are 

*p&5 77 ^ 2ie'^^F" + %e^^F^^ . (A-3.16) 
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The topological combination *F^"Fba takes the form 

*F^"F5„ = 2iF^^ - 2iF- F^^. (A-3.17) 

Along the same lines, for a symmetric tensor with two indices, S^a = Sab, one has the 
decomposition 

= -\epae^^Sb' + 2{a'fe)p^{e-a'^f)^.Sba. (A-3.18) 

Finally, for a three index, antisymmetric tensor, say Hcba, the spinor structure is most 
easily analyzed using its dual tensor, *H'^, defined as 

*H'^ — —e'^^°'Hcba, Habc — ^abcd*H'^- (A-3.19) 

Then thanks to the spinor expression for the e-symbol 

^55 77 (30 aa ^ '^'^ {^S-/^)3a^s0^ia — ^S^^^a^&l^^ia) i (A-3.20) 

one obtains 

-f^77 m ad = 2i {e^pe^a *Hpa - ^jp^d *H^p) . (A-3.21) 
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B Elements of U{1) superspace 



As we have seen in the main text, U{1) superspace provides the underlying structure 
for the geometric description of the supergravity/matterYang-Mills system. Matter fields 
are incorporated through well defined specifications in the U{1) gauge sector, leading to 
Kahler superspace geometry. Very often, however, explicit calculations are done to a 
large extend without taking into account the special features of Kahler superspace. For 
this reason we found it useful to provide a compact account of the properties of U{1) 
superspace. 

B-1 General Definitions 

The basic superfields are the supervielbein Em^{z), the Lorentz connection (pMB^iz) 
and the gauge potential Am{z) for chiral C/(l) transformations. These superfields are 
coefficients of 1-forms in superspace, 



= dz^EM^(z), 

A = dz^^AMiz). 



(B-1.1) 
(B-1.2) 
(B-1. 3) 



Torsion curvatures and U{1) field strengths are then defined as 



= dE^ + E''(f)B^ + w{E^)E^A, 



(B-1.4) 
(B-1.5) 
(B-1.6) 



F 



dA. 



The chiral U{1) weights w{E^) are given as 

wiE") = 0, = 1, w{E^) = -1. 

Torsion, Lorentz curvature and U{1) field strength are 2-forms in superspace. 



(B-1.7) 



= ^E^E^'Tcb'': 

D A rpC rpD D A 

-Kb = 2 ^DCB , 

F = -E^ E^ Fdc- 



(B-1. 10) 



(B-1.8) 



(B-1.9) 



165 



They satisfy Bianchi identities 

DT^ _ E^Rb"^ - w{E^)E'^F = 0. (B-1.11) 
A more explicit form of the Bianchi identities is 

/ {T>nTcB^ + Tnc^TpB^ - Rdcb^ - w{E^)FncS^) = 0, (B-1.12) 

J(DCB) 

with the graded cychc combination of super- indices D,C,B defined as 

DCB = DCB + {-f'^-^'^^BDC + {-f^^""'^CBD. (B-1.13) 



/ 

J{L 



'{DCB) 

Covariant derivatives are always understood to be maximally covariant, unless explicitly 
otherwise stated. In our present case this means covariance with respect to both, Lorentz 
and U{1) transformations. As an example, take the generic 0-form superfield Xa of chiral 
weight w{Xa). Its covariant derivative is defined as 

VbXa = Eb'^OmXa - (t>BA'Xc + w{Xa)AbXa, (B-1.14) 

with graded commutator 

{Vc, Vb)Xa = -Tcb^'VfXa - RcBA^'Xp + w{Xa)FcbXa. (B-1.15) 

The chiral weights of the various quantities are given as 

w{Va) = -w{E^), w{Tcb^) = w{E^)-w{E'')-w{E^), (B-1.16) 

w{RcBA^) = -w{E'')-w{E^). (B-1.17) 



B-2 Torsion Tensor Components 

For a discussion of the U{1) superspace torsion constraints we refer to the main text and 
to the original literature. Here we content ourselves to note that all the coefficients of 
torsion, curvature and U{1) field strength are given in terms of the few superfields 

R,R^ ,C W^p^ , W (B-2.1) 
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and their superspace derivatives. The chiral weights of these superfields are determined 
according to their appearance in the torsion coefficients (see below), i.e. 

w{R) = +2, w{R^) = -2, w{Ga) = 0, (B-2.2) 

w(W,^a) = +1, w(W.^) = -1. (B-2.3) 

We present the torsion tensor components in order of increasing canonical dimension 
(remember that [x] — —1 and [9] — — ). We try to be as exhaustive as possible. In 
particular, in many places we give the results in vector as well as in spinor notation, with 
a ~ {a, a) defined as usual. 

• dimension 



r/« = -2i((T«e)/. 



(B-2.4) 
(B-2.5) 



dimension - 
2 



T^p^ = 0, T^b" = (B-2.6) 



• dimension 1 

At this level appear the superfields R, R^ and Ga, i.e. 

V = ^i'^c^b)j''G'' ^ T^^^^ = itpaG^p, (B-2.7) 

T^6d = -l{^c<J,)\G^ ^ T.^^.^ ie^.Gf,^, (B-2.8) 

Tjbd = -icTb -raR^ ^7 /3/3 « = -2^e^/3e^Q,^^ (B-2.9) 

= -larii T.^^^ = -2te.^ep^R, (B-2.10) 
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• dimension - 

Here, the basic objects are Tcb-, expressed in terms of the Weyl spinor superfields 
W^7/3a; ^^/ja spinor derivatives of the superfields R, and Ga- These properties 
are most clearly exhibited using spinor notation, i.e. 

Tc,^ ^ T,, = 2e.,T^f - 2e,,T.f (B-2. 12) 
with further tensor decompositions 

Tjf3a = Wypa + -^{^a-rS/s + eapS^), (B-2. 13) 

= + ^(^"7^/5 + ^a,S,). (B-2. 14) 

The various tensors appearing here are defined as 

= V = +^V^Gf,^-VpR = ^{T,,a''e)p, (B-2.15) 

Ss = Tj = -\vPG,, + V,R^= liT^.a'^'),, (B-2.16) 



and 



= -\{l^.Gap + 1^,G^.), (B-2.17) 

Tjpa = +-{1^^Gi3a + V/sG^a) ■ (B-2. 18) 

B-3 Curvature and U{1) Field Strength Components 

The curvature 2-form takes its values in the Lie algebra of the Lorentz group. Vector and 
spinor components are therefore related by means of the canonical decomposition 

^DC b"" ^ ^DC aa = '^^/Sa^DC Pa — '^^f3aRnC l3a' (B-3.1) 

as defined in appendix]^. The indices D and C are superspace 2-form indices. As a general 
feature of superspace geometry, the components of curvature and U{1) field strengths are 
completely determined from the torsion components and their covariant derivatives. We 
proceed again in order of increasing canonical dimension. 
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• dimension 1 



Here, the 2-form indices D and C are spinor indices. 

Rsj ha = ^ipha^)5'yR\ (B-3.2) 

R'Ua = K^batY^R- (B-3.3) 

Rs\a = 2tG'{a''e)s\dcba. (B-3.4) 
In spinor notation these components become, respectively, 

Rsjl3a — ^{^SP^-ya + ^5a^'yp)R\ (B-3.5) 

Rs^pa = 0' (B-3-6) 

Rs^pa = 0, (B-3.7) 

^ii $a = 4(e^^e^a + e^^e^^)R, (B-3.8) 

Rs-y Pa = —^SpGa-y — ^SaGj}^, (B-3.9) 

^Sj $d ^ -^j$Gsa - ^aGsp, (B-3.10) 

The U{1) field strengths are 

Fs^ = 0, F-^^ = 0, Fs"* = 3((7«e)5^G'„. (B-3.11) 



• dimension - 
2 

Bianchi identities tell us directly that the relevant curvatures are given in terms of 
torsion as: 

Rsc ba = iCTcSS^bJ - l^^bSS^ac " ^^^aSS^cb^ (B-3.12) 



R'cba = iafnaS-i^l'Ta^-i&fT^s. (B-3.13) 
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In spinor notation one obtains, respectively 

77 /3a = +^ (^^SaTj/s^ + £57^/307 ~ £(5/3£7a>S'^^ ; (B-3.14) 
/3a 

77 /3d = +4^e57W^-y^d + ^ ^7/3 (^^7" + ^^i^^^c,^ , (B-3.15) 

R5 77 /?? = -4«e5^W^7^a - ^ XI (^67a + l^^'^) ' (B-3.16) 

"""^ /3a ^ " ^ 

^Sjj^a = 5] (^5d\^7 + ''57^/3a7 ~ ^^/3e7a'57) ■ (B-3.17) 

/3d 

Using the explicit form of the torsion coefficients as defined in the previous subsection, 
these curvatures may also be written as 

-^5 77 /3a — i X (-^^S-yl^pGaj + -^sfiV^Gocy — e^/je^a'Z^'y-RM , (B-3.18) 
" /3a ^ ^ 

^5 77/3> = 4ze5^W^^.+zJ]6^dQe57^/3 + ^W^^), (B-3.19) 

/3d 

^577/?? = -4ie57W^7^a + ^X^e7aQe57^^+^^5G^^^ (B-3.20) 
-^5 77 /3d ^ ^ ^ ( 'j^^'^'Pf^^^ ^ -^Hpi^i^ - eg^eA^aT^jRj . (B-3.21) 

" /3d 

Here symmetric sums over indices a, (5 resp. d, /3 are understood in an obvious way and 
we have used the definitions 

Xp = VsR-V^Gf,^, (B-3.22) 
= VpR} -V^Gpp. (B-3.23) 

These superfields are naturally identified in the C/(l) field strengths 

Fsc = yWc+ 2^055^', (B-3.24) 
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= ^v'G,-'-at'Xs, (B-3.25) 



which, in spinor notation, read 



3i 

Fs 77 — Tr'^s^ii "I" i^S'yXj, (B-3.26) 
^^77 = %T^Pii^^H^^i- (B-3.27) 



• dimension 2 

The curvature tensor ^ has the property 

-Rdc 6a — Rba dc- (B-3.28) 

Its decomposition in spinor notations is given as 

^S5 77 13$ ad ^ '^^^Sj (^^/SdXSj f3a ~ ^Pa'^Sj 

+4e57 i^PcXsj Pa - Hdi^Sj /3a) ' (B-3.29) 



where 



and 



X(57 Pa — XS-yPa + {^S/3^ja + ^5a^'y())X^ (B-3.30) 

Xs-ypd = X^^^^ + (e5/3e7d + e5dS/3)x (B-3.31) 



X = Y^R^a (B-3.32) 



The tensors appearing in the spinor decomposition of the curvature are, respectively, 

Tcb"', Tcbd the Rarita-Schwinger field strength, 

Rdc b' the Lorentz curvature, 

Xa, the C/(l) superfield. 
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Here Xs-ypa ^-iid X^^^q, describe the Weyl tensor in spinor notation, whereas V'^^^^ ^^'^ 
X correspond respectively to the Ricci TZdc — Rda h' tensor and to the curvature scalar 
TZ — These superfields are related to the basic superfields obtained in the preceding 

section in the following way 

Xs^^a = \{T^5W^^ + V^Wp^s + T^pW^^ + T^aWs^), (B-3.33) 
/3> = ^ E E {^8^^^^ - \ , (B-3.35) 



■57 $a 



and 



— G^'^Gaa + '^RR^- (B-3.36) 
8 

The U{1) field strength Fdc with canonical spinor decomposition 

Fss 77 = 26^. F^^^ - 2es,F^^, (B-3.37) 

can be expressed as 



= +\Y.{VsV'G^^ + 2,iVs'G^^), (B-3.38) 

= -\Y.^Vp'Gs^ + 2,iV'^G,^). (B-3.39) 
57 

B-4 Derivative Relations 

Superspace constraints, via the Bianchi identities, imply covariant restrictions on the basic 

superfields encountered in the previous subsections. Most important are the chirality 
conditions 

V^R^ = 0, V^R = 0, (B-4.1) 
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and 

VJ¥^^ = 0, V^W^^ = 0. (B-4.2) 

Superfield expansions are defined in terms of covariant derivatives. We liave seen tliat 
tlie geometry of U{1) superspace can be expressed in terms of some basic superfields and 
their covariant derivatives. Conversely, this means that tensors hke Tc^", Tchai Rdc b^, ^a, 
X" are located in the superfield expansions of these basic superfields. At dimension | the 
relevant equations are 

^pR = -^X^-^(T,,a'='e)^, (B-4.3) 
V^R^ = -lx/^-^(T,6a^^e)^ (B-4.4) 

and 

V^Ga = -^(r,,a,a^^e)^ + ^(T,fecr^W)/3-^(Xa,e)^, (B-4.5) 

Vf^Ga = +^(T,,a,a'=''e)^-^(T,,cr^W)'5 + i(Xa,e)^. (B-4.6) 
/ o 

Note that, in order to compactify the notation, we have suppressed a number of spinor 
indices. They are easily (and without ambiguity) restored with reference to the index 
structures of cr-matrices explicitly defined in appendix |^. In spinor notation, these rela- 
tions may equivalently be written as 

-Df^R = —Xp-p^, (B-4.7) 

V^R^ = --X^ + -S^, (B-4.8) 
3 3 

and 

2 2 - 

T^pGaa = +2Tg^Q, + -epaSa — -e^^-^a, (B-4.9) 

VpG^^ = -2T^^^ - ^e^^5„ - ^e^^X„. (B-4.10) 
In the U{1) gauge sector, at dimension 2, one has 

V^X^ = 0, V^X^ = 0, (B-4.11) 
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and 

V'Xa = VaX"^. (B-4.12) 
Substituting for X" yields the equivalent equations 

V^V^Ga = ^iV,R\ V^V^Ga = -4iP„i?, (B-4.13) 

and 

- V^V^R^ = 4iP„G'". (B-4.14) 
The orthogonal combination is given as 

V'^R + P^i?^ = '"^ - -VX^ + 4G'"G'„ + 32i?i?^ (B-4.15) 

3 3 

As a consequence of the chirality conditions, the mixed second spinor derivatives on i?, 
i?^ are 

V^V^R = -2iVaaR - GGaaR, (B-4.16) 

Pal^ai?^ = -2iVaaR'' + 6GaaR^. (B-4.17) 

The relation 

[I^/j,!^;?]^^^ = -iiP^^p^ + 2Gf,f:,G^^ + 4(epaF^^ + e^.Ff,^^ 
+2iefiaD'^ (jG^cc - 2i€0^T>0'^Ga,p 

+e^„e^. (^8i?i?t + 2G'^G'c - '^V'^X^ - 4x^ , (B-4.18) 
may be equivalently written as 

Pa,t)a]Ga = -KU(4;?7?t + G^'G^ + ^7^) 



+ {'J%a {Tlba + 2GaG, + E abcdV' G") . (B-4.19) 

As to the Weyl spinor superfields, their nontrivial spinor derivatives are determined to be 

'DsW^p^ = X5'y^a + \^5^'Dm^^ + \^sp'D'^W^an + \esaVm^^^ (B-4.20) 

= Xs,^^ + \h,'^''W.^, + \h^^^ (B-4.21) 

174 



with 

^""W^^^ = -^J2{VpV^G^^ + 3tVp^G^^)=~Fp^, (B-4.22) 
Vm^^^ = +l5^(P,P-G,„ + 3.P-,G,„) = -^F^^. (B-4.23) 

Observe that these relations may also be identified in the more compact identity 

P"T,,, + P^T,fe" = 0. (B-4.24) 

B-5 Yang-Mills in U{1) Superspace 



As in section [11- 3| , the Yang-Mills connection and its curvature are Lie algebra valued 



forms in U{1) superspace, 



A = E^A^^'^Tu.) = A^^'^Tfr), (B-5.1) 



with J^" = dA + AA, or 



^E^E^J^P/r^r) = J'^'-^T^r), (B-5.2) 



jrM = c/^M + l^(p)^('')c(p)(,)W. (B-5.3) 

The Bianchi identities are 

VT = dT -AT\TA = 0, (B-5.4) 

i.e. 

pjrW = dJ^^-M -U(p)j!^('')c(p)(g)(") = 0. (B-5.5) 
More explicitly, decomposing on the covariant superspace basis this 3-form, we obtain 

{VcTba^Tcb^:Ffa) = 0. (B-5.6) 

(CBA) 

In the discussion of the Yang-Mills Bianchi identities the complete structure of U{1) 
superspace as presented in this appendix must be taken into account, derivatives are now 
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covariant with respect Lorentz, chiral U{1) and Yang- Mills gauge transformations. The 
covariant constraints^ 

J^"^ = 0, = = 0, (B-5.7) 

together with the Bianchi identities restrict the form of the remaining components of the 
Yang-Mills field strength such that 

-^/3a = +^(a,)^^W^, (B-5.8) 

^^a = -^{cTaf^Wf,, (B-5.9) 

J'ba = l{eata)''''V^Wf, + ^{a,aef''V^W^. (B-5.10) 

The Yang-Mills superfields 

>V„ = Wj^^T^r), = W(")"T(,), (B-5.11) 

with respective chiral weights, +1 and —1, are subject to the reduced set of Bianchi 
identities 

V^W^ = 0, V^Wa = 0, (B-5.12) 

V'^Wa = V^W^. (B-5.13) 
We also define the D-term superfield D^*"^ as 

= -^V'^W^J\ (B-5.14) 

with vanishing chiral weig ht, u;(DW) = 0. In spinor notation the components of the field 
strength are given as 

^^aa = 2^e^^>V„, (B-5.15) 

J^paa = 2tepM, (B-5.16) 

and 

^(313 aa = SC/jA-^/to " 2e/3„J'^^, (B-5.17) 
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The explicit solution of the constraints, as explained in section II-3, in particular the construction of 



the chiral and antichiral basis, carries straightforwardly over to U{1) superspace. 
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with 

= -^{VpWa + V^Wp), (B-5.18) 

= +\{V^W^ + V^W^). (B-5.19) 

Conversely, the nontrivial spinor derivatives of the Yang-Mills superfields are given as 

^P^^!-^ = -ia''^e),^J^I,:^-e,M\ (B-5.20) 

l^p^!^^ = -(e^''"),«-^i^+e,„D«, (B-5.21) 

and those of the D-term superfield are 

P^dM = 2<^P,>V(^)", (B-5.22) 

P"D(") = la'^'^'^VaW^jl (B-5.23) 

The covariant derivative appearing here is defined as 

PaD(^) = Ea^'OmB^^^ - uJ)d('')c(,)(,)(^). (B-5.24) 

Recall that the graded commutator of two covariant derivatives is 

(Pb,Pa)DW = -Tba^VfB^'^ - z4^]d(^)c(p)(,)M. (B-5.25) 

In the case of the Yang-Mills superfields additional terms appear due to their non-trivial 
Lorentz and U{1) structures: 

-RcB a^'W!^^ + FcbW^:\ (B-5.26) 

-/^CB^viW^")^ - FcijW^")". (B-5.27) 

In the evaluation of ( [B-5.22| ), ( [B-5.23| ) these relations are used in combination with ( |E^ 
5.12|) , (P-5.131) . Further useful relations are 

p2y^M = iia^^^VaW^''^'' + 12R^W^J\ (B-5.28) 

p2i^(r)a _ Aia^'^^VaWj^^ + 12RW''''^'^. (B-5.29) 
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C Gauged Isometries 



In the general supergravity/matter /Yang-Mills system the chiral matter superfields para- 
metrize a Kahler manifold. These structures are quite well understood in the geometric 
framework of Kahler superspace. In general, from the point of view of differential geom- 
etry, Kahler manifolds admit non-linear isometry transformations, which can be gauged 
using suitable Yang-Mills potentials. 

This appendix provides a description of gauged isometries compatible with superspace. 
Of course, the relevant language makes use of superfields. In a first subsection we develop 
the general formalism on a manifold parametrized by complex superfields, not yet neces- 
sarily subject to chirality conditions. The second subsection shows how Kahler superspace 
can be modified to take care of gauged isometries. The resulting geometric structure is 
called isometric Kahler superspace. In the third subsection we derive the supergravity 
transformations in this context and in the fourth and last subsection we establish the 
relation with Yang-Mills transformations of the matter superfields, which correspond to 
linear isometry transformations. 



C-1 Isometries and Superfields 

As a starting point we consider a complex manifold spanned by complex superfields (p^ 
and their complex conjugates (j)'^. Following |^, 0] we define infinitesimal variations 

50^ = 50^ = (C-1.1) 

of generators V(j.) and V(r) which depend holomorphically resp. anti-holomorphically on 
the superfield coordinates 

^(0 = Vir^ = ^, (C-1.2) 

and which satisfy commutation relations 

[V^r),V^s)] = C(.)(.)(V(,), (C-1.3) 

[V(.),V(,)] = C(.)(.)Wy(i), (C-1.4) 
= 0. (C-1.5) 



178 



In addition to holomorphy properties, solution of the Killing equations of the hermitean 
metric implies the appearance of Killing potentials, (0,0), such that 

J«V-m' = +«^. 'mV^rj" = (C-1.6) 
In the case of Kahler geometry, i. e. 

= ^W), (C-1.7) 

these equations in turn are solved in terms of holomorphic resp. anti-holomorphic func- 
tions F(r){<P) resp. Fi^r){4') - which one might call Killing pre-potentials - such that 

Gir) = liV^r) - V^r))K - - (C-1.8) 

and 

mr) + V^r))K = F^r)+F(r). (C-1.9) 

As a consequence of the commutation relations for V(^r),V{r), the pre-potentials F(^r) and 
satisfy consistency conditions 

V(r)F^s) -V(s)F(r) = C(r){s)^^^F(^t) +iC(r){s), (C-1.10) 
^ir)^{s) — V(_s)F(r) = C(r)(s)^*^-F(t) — 'iC(r){s), (C-1.11) 

with antisymmetric separation constants 

C(r)(s) = ~C(^s){r)- (C-1.12) 

Moreover, multiplying eqs. ( C-1.6 ), which define the Killing potential G(r), appropriately 
with V(r)'^ resp. V(r)^ one obtains 

y^^) + = 0. (C-1.13) 

Other useful relations in this context are 

— V(s)G'(r-) = C(r)(s)^*^G'(() (C-1.14) 
V(r)G(s) ~ V(s)G(r) = C(^r){s)^^^G(t) + G(^r){s), (C-1.15) 
{V(^r) + V^r))G(^s) = C(,)(,)WG'(i)+C(,)(,). (C-1.16) 
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In the following we shall restrict ourselves to cases where it is possible to take 

CirXs) = 0, (C-1.17) 

and discuss gauged isometrics, i.e. variations of and where the parameters a^'^^ are 
unconstrained real superfields. Covariant derivatives are then constructed with the help 
of superfield gauge potentials which are 1-forms in superspace 

A^'^ = E'^Aa^''\ (C-1.18) 

subject to gauge variations 

= a(p)^('')c(p)(g)(") -icia^''). (C-1.19) 
The covariant exterior derivatives of the matter superfields are defined as 

V(j)'' = (d + U(")V(,))0^ (C-1.20) 

= (d + iA^'^V^r))^'"- (C-1.21) 
By construction, they change covariantly under gauged isometrics, i.e. 

5V(I>^ = (C-1.22) 
5V4>^ = _q;W^^P0' (C-1.23) 

Of course, the covariant exterior derivative is no longer nilpotent, its square being related 
to the field strength 

jrM ^ dA^r) ^ l>l(p)>l('?)c(p)(,)('-), (C-1.24) 

such that 

VV<^^ = (C-1.25) 
VV^'' = iJ^^'^V^r)^''. (C-1.26) 

In a somewhat more explicit notation, i.e. 

Vcj)'' = E^VacP'', V^)^ = E^Va4>^, (C-1.27) 
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and 

jrW = ^E^E^J^BA^''\ (C-1.28) 
this yields the graded commutation relations 

iVB,VA)(f>' = -TBA''Vc(l>' + iTB/'%)(l>', (C-1.29) 

{Vb,VaW = -Tb/'Vc4>^ + iTBA^'^%)4>^. (C-1.30) 
C-2 Isometric Kahler Superspace 

The composite Kahler gauge potential was defined in terms of chiral matter superfields 
as a 1-form in superspace such that 

A = \{Kkd4>^ - K-,d4>^) + '-E'\l2Ga + a:^gk-kVa<t>''V^4>^)- (C-2.1) 

Consider now the spinor derivatives to be covariant with respect to gauged isometries, as 
defined above, rendering the last term invariant. However, the term 

A = Kkdcj)^ - K-kd4>^, (C-2.2) 

changes under gauged isometry transformations as 

5A = -2iciIm(a('')F(^)) + 2i{da^'^^)G^r)- (C-2.3) 

This can be verified using the relations presented so far. Interestingly enough the first 
term has the form of a gauge transformation, it closely resembles a Kahler transformation. 
As to the second term, it is easy to see that it corresponds to 

S{A^'^G^r)) = -i(dQ;(") (C-2.4) 

Therefore the combination 

A = A + 2^WG'(,), (C-2.5) 

transforms as a gauge field, both under gauged isometries and under Kahler transforma- 
tions, i.e. 

SA = 2i d[lm{F - a^'^^F^r))]- (C-2.6) 
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This is completely in line with our understanding of supergravity/matter couplings, 
i.e. gauged isometrics can be reconciled with the structure of Kahler superspace provided 
we replace A by A and require that the frame of superspace changes under a gauged 
isometry as well such that 

6E^ = -'-w{E^)E'^lm{-a^'^F^r))- (C-2.7) 

This leads us to the definition of isometric Kdhler superspace, with a modified composite 
gauge potential 

+ lE%12Ga + argk-k-Do^^P^V^f'), (C-2.8) 

o 

in the U{1) sector, giving rise to the torsion 2-form 

= dE"^ + E''<Pb^ + w{E^)E^^, (C-2.9) 

invariant under Kahler transformations and gauged isometrics. Gauged isometrics appear 
in the structure group of superspace via (|C-2.7|) in close analogy with Kahler transforma- 
tions. Covariance with respect to these transformations is obtained with the help of the 
modified gauge potential defined in ( |C-2.8| ) and the usual rules of Kahler superspace. Fur- 
thermore, following the definitions ( |C-1.2QD , (|C-1.21| ), the matter superfields are defined 
to be covariantly chiral, i.e. 

vj^ = (£;„^aM + a(:)%))0^ = 0, (c-2.10) 

pd^fc = (£;"^aM + V(,)) 0'= = 0. (C-2.11) 

Likewise, in the definition of 21, -cf. ( |C-2.8| ), one has 

V^<P>^ = (E,^^9m + M^;) V(,,)) 0^ (C-2.12) 
= (E"^^9m + i^^'^" 0^ (C-2.13) 

The superspace geometry we have established here describes supergravity and matter and 
accounts consistently for Kahler transformations and for gauged isometrics of the Kahler 
metric (of which Yang-Mills symmetries are a particular case). 
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The field strength superfields Xq,,X", aheady discussed in the ungauged case, receive 
now additional contributions (hereafter we shall denote them Xq, and X"), involving the 
Yang- Mills field strength, JF^^), and the Killing potential, To see this, apply the 

exterior derivative to A to obtain 

dA = 2gk-k'D(j)^V^^ + 1J^''"^G^r). (C-2.14) 

Due to 

21 = + '-E'^{l2Ga + aT9kjPa<p''^6.^^). (C-2.15) 

the relation between d/S. and 5 = rfSl is obvious. As before, the superfields and X" are 
identified in the field strengths '^^a and "^pa as 

X« = -^<7,s<.^^a0'^^>' + ^^7.fc^^.0'F' + WMGM, (C-2.16) 

X" = + (C-2.17) 

In distinction to the ungauged case all derivatives are now fully covariant with respect to 
gauged isometries. F'^ and are still defined as 

F'' = F^ = (C-2.18) 

but the covariant derivatives of Vacj)'' and V^cj)^ appearing in this definition contain now 
new terms which take into account the gauged isometries, explicitly 



+ T\pB(t^'V^(tyi, (C-2.19) 

ocp'- 

+2tBp"0^ + r\jpB0'^^"0^". (C-2.20) 



The Yang-Mills superfields appearing in ( P-2.16| ), ( P-2.17|) are identified in the field 
strength JF^'^^, i.e. 

^% = ^^a,,^^'^'^ ^^'^'a = ^a'M;\ (C-2.21) 
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and satisfy the relations ( B-5.12 ) - ( [B-5.13 ). Since the Yang- Mills gauge potentials are 



now defined in the framework of Kahler superspace geometry, all the chiral weights and 
therefore the transformation laws under Kahler transformations and gauged isometries are 
determined and should be taken into account in the definition of covariant derivatives. 

The relevant quantity in the construction of the component field action is the Kahler D- 
term, defined as the lowest component of the superfield "D^Xq,. The geometric construction 
presented so far has the great advantage that full invariance is automatically insured. The 
explicit form of the D-term superfield is 



-\ (I^'^WM) (C-2.22) 

The discussion of this section shows that gauged isometries allow for a very suggestive 
description in the framework of Kahler superspace geometry. The results presented here 
in superfield form are particularly useful to extract component field expressions in a con- 
structive and concise way as illustrated in section |^ where we fully develop Lagrangians 
in component fields. 

So far we have mainly dealt with matter superfields, which play the role of coordinates 
of the Kahler manifold, and with their covariant differentials. It will be useful to consider 
the more general case of a generic superfield, U'^, of transformation law 

^U'^ = -aM ^^u'. (C-2.23) 

For simplicity we assume to be a superfield (0-form) of vanishing chiral weight and 
scalar with respect to Lorentz transformations. The exterior covariant derivative is then 
defined as 

V\J^ = rfU^ + 5^U' + r^^D^^U', (C-2.24) 
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with 

PU*^ = E^VaU''. (C-2.25) 

Note that, as a consequence of the chirahty of the matter superfields, the Levi-Civita term 
is absent in D'^U'^. 

The graded commutator of two such covariant derivatives is obtained in taking the 
covariant exterior derivative of the one form DJJ'', i.e. 

vvv' = i^w (|^^u^ + v^rrr'imU'^ - R^-,ijV$Jv<i>^ vK (c-2.26) 

Decomposing the left hand term according to 

VVU'' = E^E^{VbVaU'' + - Tba^'DcU''), (C-2.27) 
allows to read off the graded commutator of two covariant derivatives of U*^ to be 

/ QT/ k 

-rd'^R^U^\}' {Vb^^Va^ - ^Va^ D^r) • (C-2.28) 

We have considered U'^ as a superfield inert under Lorentz and Kahler transformations. 
The spinor derivative 'Da.^ of a chiral superfield ^ will transform in the same manner as 
U'^ under gauged isometrics but will pick up additional contributions from Lorentz and 
Kahler transformations. 



C-3 Supergravity Transformations 

We have constructed a superspace geometry in terms of the basic geometric objects 

• E^ — dz^Eu^ frame of superspace, 

• 0^^, chiral matter superfields, 

• = dz^Au^'''^ Yang-Mills potential. 
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The chiral matter superfields take their values in a Kahler manifold and we have seen that 
superspace geometry and Kahler geometry are intimately related. In order to describe 
gauged isometries of the superfield Kahler metric we have introduced the corresponding 
Yang-Mills potential. Infinitesimal variations of parameters 

• superspace diffeomorphisms, 

• A^"^ Lorentz transformations, 

• q;^^) Yang-Mills transformations, 
change the basic geometric objects such that 

^ / + 

0^ H-^ (f)'^ + 54)^, 

with 

dE"^ = L^E^ + E^Kb^ -l-w{E'^)E'^lui{F{(t>) 

Here, the Lie derivative in superspace is defined as 

= L^d + di^. (C-3.9) 

Remarkably enough, Kahler transformations and gauged isometries appear in a well de- 
fined way in the structure group of superspace. In the next step we wish to express 
these transformation laws as much as possible in terms of covariant objects - torsion, field 
strength and covariant derivatives - which were defined earlier as 

1^ = VE^ ^dE^ + E^(j)B^ + w{E^)E^^2i, (C-3.10) 
186 



(C-3.1) 
(C-3.2) 
(C-3.3) 
(C-3.4) 



(C-3.5) 
(C-3.6) 
(C-3.7) 
(C-3.8) 



(r) 



(C-3.11) 
(C-3.12) 
(C-3.13) 



Straightforward substitution yields 

-w{E^)E^ i^Sl + ^ Im(F - a^"^) 



(C-3.14) 
(C-3.15) 
(C-3.16) 

L^J'^'^ + + U5^(^'V^'^C(p)(g)('^) - id{a^'-'^ + zi^^^'-)). (C-3.17) 



Supergravity transformation 5wz are then defined as certain combinations of superspace 
diffeomorphisms and field dependent compensating Lorentz and gauged isometry trans- 
formations, namely 



(C-3.18) 
(C-3.19) 



Taking into account the explicit form of 21, -cf. ( |U-2.8 ), we obtain 



5w7 



5wz r 



-w 



i{D(t)\ 



(C-3.20) 

(C-3.21) 
(C-3.22) 
(C-3.23) 



Recall that the last term in the transformation law of E^ is spurious in that it could be 
absorbed in covariant redefinitions of the first two terms. The interior product of with 
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torsion and Yang-Mills field strength is defined as 

i^l^ = E^^^lcB^, (C-3.24) 
i^jrW ^ E^i^TBA^^y (C-3.25) 

For later convenience we consider also generic superfields $ and U'^ of transformation 
laws 

5$ = L^ci$- Im(F((/)) -aWF(^)(0)) , (C-3.26) 

dV'' = L.U^'-a^'^)— ^U' (C-3.27) 
and covariant derivatives 

= d^ + w{^)m, (C-3.28) 

VU'' = dU*^ + M('^'5^U' + r^„P(/.'U'". (C-3.29) 
Straightforward substitution allows to derive the supergravity transformations 

-^«;($)$r(12G„ + (C-3.30) 
5^^V'' = t^PU'^ + r^^ijD^'U™. (C-3.31) 

The supergravity transformations presented so far at the full superfield level will provide 
the basic building blocks for the derivation of supersymmetry transformations of the 
component fields. We will also use these supergravity transformations in the more explicit 
form 

-]w{E^)EM''e{KkVB<t>'' - KjPb4>^) 
-'-w{E^)EM^e{i'2G, + at^gt,jP^(t>^Vj^), (C-3.32) 

o 

5wz0' = (C-3.33) 
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5wz0' = (C-3.34) 

-^«;($)$e'(12G. + arg,-,Vo.<p'V^^^), (C-3.35) 

^wzU'^ = e^P^U'^ + r'^U^P^^'U™. (C-3.36) 

Observe the presence of the terms 

Kj.L^Vct)'' - K-,L^V^^ = ^^{KkVA<p'' - K-,Va^^). (C-3.37) 

The corresponding gauge transformations are field dependent Kahler transformations and 
isometrics, there is no free parameter which could compensate these terms unlike the case 
of Lorentz and Yang-Mills transformations. 

C-4 The Yang-Mills Case 

Let us consider the situation where the gauged isometrics reduce to the standard Yang- 
Mills transformations. This corresponds to the case where the isometrics act linearly on 
the fields such that 

Vir)' = = +^ (Tw0)' (C-4.1) 

V^ri' = = -«(0T(,))'. (C-4.2) 

where the T(^), are in a suitable matrix representation of the generators of the gauge 
group considered, with commutation relations 

[T(,),T(,)] =«C(,)(,)WT(i), (C-4.3) 

implied by those of the V(r.)'s. Using the notation A = A^'^^T(^r), the covariant derivatives 
of the matter superfields take the form 

V(j)'' = {d(f) - A(j))\ V^^ = {d^ + Mf ■ (C-4.4) 

Next we can determine the Killing potential using (|C-1.8| ), (|C-1.9|) . Since the Kahler 
potential is invariant under gauge transformations, ( |(J-1.9| ) tells us 

K, (T(,)0)' - (0T(,))' = = + (C-4.5) 
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implying that F(^r){4>) and F(^r){4>) are just constants, which can safely be set to zero. The 
real Killing potential G(^r) then becomes 



irfc(T(,)0)' + irs(0T(,))' 



(C-4.6) 



Using this information, together with the vanishing of the Killing pre-potentials, in the 
combination A = A + 2A^''''^G(r)-, we obtain 

A + 2A^''^G(r) = Kk {d(f)'' + - Kj, [d^^ + iA'^'%.{'^ (C-4.7) 

As a consequence, we recover the Kahler connection A = 21 of section [111-4. 2|, given as 



with Yang-Mills covariant derivatives everywhere. 

Finally, the supergravity transformations are directly read off from the previous dis- 
cussions, eqs. (IC-3.141) - (|C-3.17|) and (|C-3.32|) - (|C-3.36|) . 
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D Superfield equations of motion 



Given the geometric formulation of supersymmetric theories it is desirable to have a 
superfield action principle, in the sense that the variation of suitable superspace densities 
gives rise to superfield equations of motion. 

On the other hand, the geometric descriptions of supersymmetric theories are charac- 
terized by covariant constraints (torsion constraints for supergravity, field strength con- 
straints for Yang-Mills, 2-form and 3-form gauge theories and chirality constraints for 
matter superfields) . As a consequence, the basic building blocks initially used in the geo- 
metric construction (frame of superspace, Lorentz, Yang-Mills, 2-form and 3-form gauge 
potentials, and chiral superfields) are no longer the fundamental objects - they are given 
in terms of unconstrained pre-potentials which arise from the explicit solution of the 
superspace constraint equations. 

A possible way to formulate a superfield action principle is therefore to write superfield 
densities in terms of the unconstrained pre-potentials and to vary them accordingly |80| . 
This approach is particularly useful in the context of supergraph perturbation theory. 

Another possibility | J158| | , more closely related to superspace geometry, and which will 
be pursued here, is to solve directly the variational version of the constraint equations. In 
this way one determines directly the variations of the basic geometric objects in terms of 
unconstrained entities. In this (equivalent) formulation, superspace densities are written 
in the usual way and the relation to component field formalism is quite transparent. 

In this appendix we derive, as an example, the superfield equations of motion for the 
complete supergravity/matter /Yang-Mills system in the presence of gauged isometrics. 
In the first two subsections, we work in generic U{1) superspace, defining and solving the 
variational constraint equations in the first subsection and discussing superspace densities 
and integration by parts in the second one. The variational equations pertaining to 
isometric superspace are treated in subsection p-4| . In subsection p-5| we derive the 
superfield equations of motion for the complete supergravity/matter/Yang-Mills system. 
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D-1 Integration by Parts in U{1) Superspace 



The superfield action principle for supergravity proposed by Wess and Zumino ||158|| , [|163|| 



is a generalization of usual gravity. In general relativity, especially when coupled to spinor 
fields, densities are constructed by means of the determinant of the vierbein, or frame. 
The corresponding basic superspace object is E, the superdeterminant of the frame Em"^ 
in superspace. In general, a supersymmetric action will be given as the product of E 
with some suitable covariant superfield, integrated over superspace, i.e. over space-time 
and the anticommuting spinor coordinates. In the derivation of superfield equations of 
motion, integration by parts in superspace will be used systematically. This means that 
expressions like 

[eV^v^, fEVaV'', (D-1.1) 

with some generic, covariant superfield of chiral weight w{v^), should be related to 
pure superspace surface terms. The asterisk indicates that integration is understood over 
full superspace, i.e. anticommuting coordinates and space-time. 

In order to explain the mechanism of integration by parts in some more detail let us 
recall first some definitions. The exterior covariant derivative Vv^ = dz^^Vuv^ being 
given as 

Vv^ = dv^ + v^(t)B^ + w{v^)v^A, (D-1.2) 
we identify the 1-form coefficients 

Vmv^ = Omv^ + {-r'v^ct^MB^ + w{v^)Amv^. (D-1.3) 

Another crucial ingredient is the torsion 2- form = ^dz^dz^T^M^ defined as 

= VE^ = dE^ + E^(Pb^ + w{E^)E^A. (D-1.4) 

Its components 

Tnm^ = VnEm"" - (D-1.5) 
are given in terms of the covariant derivatives 

VnEm^ = BnEm^ + (-)('"+'')"i^;M''0iVB^ + w{E'')AmEm''. (D-1.6) 
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It is a matter of straightforward calculation to establish the superspace identity | |163|| 

dM{Ev^EA''){-r = E [dMV^ + v'^id^EM^ - i-r^'dMEN^)] Ea'^-T. 
Covariantizing the derivatives, this identity takes the form 

dM{Ev^EA'''){-r = EVAv\-r + Ev^TBA\-T 

+E {w{E^) - w{v^)) v^Aa. (D-1.7) 

This is the central point in the discussion of integration by parts in superspace. Observe 
that so far we did not make any use of torsion constraints. Taking into account the explicit 
form of the torsion coefficients in U{1) superspace, one shows that the only non-vanishing 
contributions to the torsion term are 

Tfe^" = +iGk, = ~iG,, (D-1.8) 

which add to zero in the supertrace. The torsion term is therefore absent. If, in addition, 
we require 

w{v^) = w{E^), (D-1.9) 

we obtain 

dM{Ev''EA''){-r = EVAv\-r. (D-1.10) 

This establishes the relation alluded to above, identifying expressions like as 
pure superspace surface terms. This relation will be frequently used in the derivation 
of superfield equations of motion. 

D-2 Variational Equations in U{1) Superspace 

We first introduce as basic variables the variations of the vielbein, Lorentz and f/(l) con- 
nections modulo the effects of superspace diffeomorphisms and structure group transfor- 
mations. Subsequently we present a concise and systematic analysis of the consequences 
of the constraints of U{1) superspace for these variables. 
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• Basic definitions 

Consider the infinitesimal variations 



5E^ = H^, (D-2.1) 
5(t)B^ = Qb^, (D-2.2) 
5A = uj, (D-2.3) 

of tlie frame, Lorentz and U(l) gauge potential. These superspace 1-forms are pa- 
rametrized in such a way that 

= E'^Hb^, Hb^ = Eb^SEm^, (D-2.4) 

Qb^ = E^QcB^, ^IcB^ = Ec''S<Pmb'', (D-2.5) 

u = E^UA, OJA = Ea^'SAm. (D-2.6) 

As a consequence of these definitions the variations of torsion, curvature and U{1) 
field strength become 

5T^ = VH^ + E^flB^ + w{E^)E^uj, (D-2.7) 
5Rb^ = VQb^, (D-2.8) 
5F = du. (D-2.9) 

Here, "D denotes the covariant exterior derivative in U{1) superspace. It is straight- 
forward to work out the explicit expressions for the coefficients of these 2-forms in 
superspace. The torsion variational equations 

STcb"^ = T^cHb^ — {—T'^T^bHc^ + TcB^Hp"^ 

TT Frp A , ( \cb TT F rp A 

— -tic -LPB +[ — ) ^B J-FC 

+w{E''){5b^ujc - (-j^'fc^c^s), (D-2.10) 

are of particular importance. The vielbein and gauge potential variations must leave 
the torsion constraints invariant. This determines the unconstrained variational 
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superfields. The corresponding variations of curvature and U{1) field strength are 

—Ho^RpcB^ + {—Y'^Hc^Rfdb'^, (D-2.11) 

SFdc = Vdujc-{-Y'Vcujd + Tdc^ujf 

-Hd^Ffc + {-Y'Hc'^Ffd. (D-2.12) 

Observe that the variational superfields are determined modulo diffeomorphisms 
and structure group transformations, i.e. up to redefinitions of the form 

5H^ = /:^E^ + E''xB^ + w{E^)E^p, (D-2.13) 

6nB^ = -VxE^ + i^RB^", (D-2.14) 

8uj = -dp + L^F. (D-2.15) 

As a consequence, the variational equations change as 

SST^ = /:^T^ + T^xb^ + w{T^)T^p, (D-2.16) 

S6Rb'' = C^Rb^' + Rb^Xc^-Xb^^'Rc'': (D-2.17) 

SSF ^ C^F. (D-2.18) 

The covariant Lie derivative appearing here is given as 

= L(D + Vi^. (D-2.19) 

Using i^E^ — the variation of Hb^ reads 

SHb"" = fTcB^ + VBi^ + XB'' + w{E^)5ip. (D-2.20) 

Similarly, 

SQcB^ = -VcXb^ + ^Rdcb^, (D-2.21) 

5ujA = -VaP + ^^Fba. (D-2.22) 

Clearly, the variational equations of the torsion constraints are invariant under these 
redefinitions. 
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Torsion constraints I. 

In a first step we consider tlie variational equations of tlie torsions 

T^^" = 0, T^'^'^ = 0, 



) ^ 



T^/3a = 0, T^^" = 0. 
From ( P-2.101 ) we read off the explicit equations 

5T^pa = 



7/3 



7/3 



The pure gauge solution of ( |D-2.2q ), ( p-2.27| ) is 



Likewise, the complex conjugate equations are solved by 



(D-2.23) 

(D-2.24) 
(D-2.25) 

(D-2.26) 
(D-2.27) 



(D-2.28) 
(D-2.29) 



(D-2.30) 
(D-2.31) 



Finally, making use of the invariance of the variational equations under redefinitions 
of the form ( P-2.20|) we arrive at 



It remains to discuss the variation of ( p-2.24| 



ff0a ^ (D-2.32) 
jj$a ^ ycj.0^a ^ -iRy^P_ (D-2.33) 



(D-2.34) 
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We eliminate the traceless parts of Hp" , H^^ by suitably choosing a 
2.201 ) to arrive at 



As a consequence, (P-2.34|) becomes 



V" = 0, 



(D-2.35) 
(D-2.36) 

(D-2.37) 



showing that Hf,"' is completely determined as a function of the unconstrained su- 
perfields H + H and V^. In spinor notation this equation reads 



H 



A 



The supertrace of Hb is now given as 



(D-2.38) 



(D-2.39) 



Observe that we did not make use of the redefinitions which correspond to the chiral 
U{1) in ( p-2.2q ). 



Torsion constraints II. 

The variations of the torsions 

T^fc" = 0, 



T ^ ■ = n 



^7/3" — 0, 



(D-2.40) 



give rise to the equations 

v^Hb" - VhH^'' + + t^/Hf'' - h^^t^^" + h^^t^^'^ = o, (D-2.41) 

V^H^^ + V^H^^ + T.^^^Hf^-H^fT/^-H^^Tf^^ + ^^^a-S'^aUJ^ = 0, (D-2.42) 
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7/3 



(D-2.43) 



These relations serve to express the variations Q^b"", H^a and uja in terms of the so 
far unconstrained superfields H, H and V". In this context it is convenient to define 







(D-2.44) 


Xba 


= Hba — V^Tcba, 


(D-2.45) 


Xp" 


= i7/ + V'=T^,^ 


(D-2.46) 


X a 




(D-2.47) 




= Vljb"' + V^Rjdb"'^ 


(D-2.48) 






(D-2.49) 



(D-2.50) 
(D-2.51) 

(D-2.52) 



and to write ( p-2.41[ ) - ( |D-2.4^ ) in the form 

U^b" + V^Xb" + Xb^T^"^" - 2r^6^I^^V" = 0, 
n/^ - 6^^E, + T/"^ Xda + - 2{V^V'')T^da = 0, 

The first of these equations allows to determine both Il^b" and Xba- This is most 
easily seen in spinor notation, where ( |D-2.5CI| ) takes the form 

Taking into account 

Xpp = -e/3ae/3c.(^ + H) - iVpV^Vaa ' iG^^V^a + iG^aV^^, 
we obtain 



0. (D-2.53) 



(D-2.54) 



n 



(D-2.55) 



/3a 



n 



7/3« 



/3« 



W I 1 



(D-2.56) 
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as well as 



(D-2.57) 



This exhausts the information contained in (|D-2.50| ). Substituting these results 
reduces ( |D-2.51| ) simply to 



1 

2' 



(D-2.58) 



and ( P-2.521 ) is then identically satisfied. 



• Torsion constraints III. 

As to the complex conjugate torsions, 

= 0, T^-^" = 0, T^^^i = 0, (D-2.59) 
the variational equations read 

V^Hb" - V^H"^" + fi^fc" + T^b-H^ + Hb^'T^^'' = 0, (D-2.60) 
D^if^" + VpH"''^ + Tp^f Hf"^ - H^'^Tffs'' - T/'" + VP p"" + 5^"cj^ = 0, (D-2.61) 

(v"'H^^ - H^f^T/a + ^^^a - S^a UJ^) = 0. (D-2.62) 

7/3 

In this sector it is convenient to define 



rtb 


= Hb^' + VbV'', 


(D-2.63) 


nlj a 

rib 




(D-2.64) 


rip 




(D-2.65) 




= H^^-V'T^^, 


(D-2.66) 




= fiV-V'^i^V, 


(D-2.67) 






(D-2.68) 
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With these notations and after some manipulations involving superspace Bianchi 
identities, ( P-2.60| ) - ( P-2.62|) can be written as 



b ^</p 



From ( P-2.72| ) we obtain 



/3a 



l3a 



I3a 



as well as 



We. = ^^P»Vp{H + H)+ 2iVp^V^Vp^ + mVpV^ 



8in 

Equation (|D-2.7CI|) then yields 



0/3 



2 4 



(D-2.69) 

(D-2.70) 
(D-2.71) 



As before we employ spinor notation. ( |D-2.69| ) becomes 

2e^an^/3a - 2e/3an^^^^ + ^te^p^Hp^^ + V^H^^ „^ + Ate^pRV^V^a = 0, (D-2.72) 
with 



and ( P-2.71| ) is identically satisfied. 



(D-2.73) 



(D-2.74) 



(D-2.75) 



(D-2.76) 



(D-2.77) 
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This concludes our discussion of torsion constraints at dim = and dim = - in 
U{1) superspace. We have found that the vielbein and connection variations are 
described in terms of the independent unconstrained superfields H, H and V". The 
torsion coefficients at dim —1 can then be used to determine the variations of the 
covariant superfields R, and Ga- For our present purpose it is sufficient to work 
out 5R and SR^ (which are most conveniently obtained in using the corresponding 
curvature equations) 

SR = -(y^Va + H -iV''Ga)R 

~V^V^ [h + H- '-V^V^V^^^ , (D-2.78) 

~V"V^ (h + H+ '-V^V^V^A . (D-2.79) 



• Chiral C/(l) gauge sector 

The solutions of the constraints 



0, F^" = 0, (D-2.80) 



in the (|, i)-basis are parametrized in terms of a pre-potential K (which, later on 
will be specialized to the Kahler potential) such that 

1 



Aa = +-Ea'''dMK, (D-2.81) 



^« ^ — E'^^OmK. (D-2.82) 
4 



Using 5A — cu, the variation of these equations gives 



uj^ - H^^ ( Ab - \vbK^ - \VJK = 0, (D-2.83) 
_ [ + \t^bK^ - ^V^5K = 0. (D-2.84) 
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Taking into account our solution for H^^ leads to 



= { ^6K + V'Ab - ^V'VbK ] , (D-2.85) 

( ^5K + V''Af, + ^V^V^K ) . (D-2.86) 



Finally, comparing with ( P-2.58|) and ( P-2.771 ), we arrive at the chirality conditions 



D„ (^H+]^H + ^SK + '-V^V^V^^ + V\Aa - '-Go) - \v''VaK^ = 0, 

(D-2.87) 



(D-2.88) 



These chirality constraints in turn are solved with the help of chiral projection 
operators acting on unconstrained superfields t/, U and we obtain 

H + H = -^K -'-[D'^,V^]V^^-^V^{A,-'-Ga) 

-hv^Vo, - 8R^)U - hvj:)^ - %R)U, (D-2.89) 

-2{V''V^ - 8R^)U + 2{VJ)^ - 8R)U. (D-2.90) 

In conclusion, the combinations H — H and H + H + g^-^ of variational superfields 
are given in terms of unconstrained superfields U, U and Va- 



Yang-Mills sector 

We parametrize the variation of the Yang-Mills gauge potential in U{1) superspace 
such that 

^^(r) _ _ ^Ap^M. (D-2.91) 
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The Yang-Mills field strength, T^'''^ = ^E^E^J^ba^'^\ defined as 

j:i.r) ^ dA^r) ^ l^W^W/^^^^^^M^ (D-2.92) 
changes under these variations as 

= dr^'') + ir(fU('')/(p)(g)^'' = ot(^). (D-2.93) 

The variational equations of its coefficients are 

-Hb^'Tfa^'-^ + {-r'HA^TFB^'-\ (D-2.94) 

As in the gravitational case, we are only interested in infinitesimal variations modulo 
ordinary gauge variations e^''^ , given as 

= rfeW +ie(*'M('?)/(p)(q)^'^ (D-2.95) 

55T^'^ = ie(^')j^(«)/(p)(9)^''^- (D-2.96) 

The solution of the variational equations of the constraints 

(^^/3a^''^ = 0, = 0, (D-2.97) 
is expressed in terms of an unconstrained superfield S*^'') such that 

Ta^''^ = +PaE('^)+V-^:^/„('^), (D-2.98) 

= -v^yS""^ - v^Tf^^''\ (D-2.99) 

The constraint 

(JjFg"^ = 0, (D-2.100) 

serves to express the vector component r^^^^ in terms of E^'') as well. It is convenient 
to define 

K^'^ = r,M-v^^J^)-i?.sM, (D-2.101) 

Aa^'^^ = r^M + V'.Fj'-^ + PaEW. (D-2.102) 
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Accordingly, the solution of ( p-2.100 ) can be written in two ways, 

Aaa^'"^ = iVj:^^'-'^ + i{V^V')r,J^'-\ (D-2.103) 
Ka^''^ = iV^Vj-^'^ -i{V^V')J'J'\ (D-2.104) 

The variations of the covariant Yang- Mills superfields Wq^^-*, W"''-''-' are obtained 
from 5J^^a^'-\ bTpa^''^ to be 



2"- / • ■ ■ • ■ " J \t)(s) 



(r) 



-^(p^r'^-8i?)r„('^), (D-2.105) 

+ ^(r''^P^-8i?^)ri("). (D-2.106) 
D-3 Superspace Densities 

As a first application of the previous discussion, we consider the superfield action 

fe. (D-3.1) 



\ -if. 



Recalling that the asterisk denotes integration over space-time and anticommuting coor- 
dinates, this superspace integral might be called the volume of superspace. It serves to 
generalize the D-term construction of invariant actions to local supersymmetry. Taking 
into account ( p-2.39| ) , the variation of the superdeterminant 

bE = EHa^{-T, (D-3.2) 

gives rise to 

sfE = Ie{E + E), (D-3.3) 
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with superspace surface terms neglected after integration by parts. Observe that in generic 
f/(l) superspace, the superfield H + H, as given in ( P-2.89D , contains 6K, the variation of 
the U{1) pre-potential as an independent unconstrained variable. As a consequence, the 
superfield equations of motion would imply the volume of superspace to vanish. Therefore, 
the action (P-3.1| ) is not very useful in f/(l) superspace. However, when specified to pure 
Wess-Zumino superspace (resp. Kahler superspace), 6K will be subject to constraints and 
the same action will provide the pure supergravity (resp. super gravity/matter) action. 

Another useful concept in constructing superfield actions is the chiral density. It serves 
to generalize the F-term construction of invariant actions to the case of local supersym- 
metry. As a starting point consider the superspace action 

1 5, (D-3.4) 

with S some generic chiral superfield of weight w{S) = 2 to ensure invariance under f/(l) 
transformations. Using the relation 

S = {VaV^~8R) S(5), (D-3.5) 

expressing the chiral superfield in terms of the unconstrained superfield S(iS), together 
with integration by parts yields 

E r 

-S = -8 EJ:{S). (D-3.6) 

R J* 

This shows that integrating the chiral superfield S using the chiral density is the same as 
integrating its pre-potential using the complete volume density. Note that adding 

a linear superfield to S(iS) does not change S. This is coherent with relation ( p-3.6| ). 



because the superspace integral of a linear superfield vanishes (this, in turn, is due to the 
fact that a linear superfield can be expressed in terms of spinor derivatives of unconstrained 
pre-potentials) . 

In spite of the equivalence established in (P-3.6| ), it is very often quite useful to work 



with the chiral density expression (p-3.4| ), and its complex conjugate 

E 



205 



with chiral weight w{S) = —2 assigned to S. Taking into account ( p-2.39 ), as well as 
( P-2.781 ) and (P-2.79|) we find 



= [^{{6S + V''VaS) + iH + 2H~iV''G,)S), (D-3.8) 

sJ^-^S = J^^{i5S-V''VaS) + {H + 2H-tV''Ga)S), (D-3.9) 
with H and H determined in ( P-2.89|) , ( P-2.9U|) . 



D-4 Variational Equations in Kahler Superspace 

So far, in this appendix, we worked in the framework of U{1) superspace. Supergrav- 
ity/matter coupling is obtained in suitably specializing the U{1) sector. We will present 
here the general case, where chiral superfields parametrize a Kahler manifold with gauged 
isometries. The relevant geometric framework is isometric Kahler superspace as defined 
in appendix |C-2. 



After a discussion of the variational equations for chiral superfields and a summary 
of the properties of covariant isometric superspace derivatives, we will solve the vari- 
ational equations pertaining to isometric superspace, thus identifying the fundamental 
variables relevant for the derivation of superfield equations of motions for the complete 
supergravity/matter/ Yang-Mills system. 

• Chirality conditions 

The variational equations corresponding to the chirality conditions can be treated 
along the same lines as the constraint equations discussed earlier. We will first 
describe in some detail the procedure for the superfield and give the results for 
(j)^ afterwards. 

In (IC-1.2QD , the covariant derivative Vcp'' = E'^VacI)^ has been defined as 

V(l)^ = + (D-4.1) 
Its variation in terms of Sep'' and SA^^'^ = T^"^^ is given as 

= P50^ + ir(")V(^)'=(0), (D-4.2) 
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with the definition 



Using 



the variational equation for becomes 



(D-4.3) 
(D-4.4) 

(D-4.5) 



We are now in a position to study the consequences of the chirahty condition = 
0, i.e. to determine the variations 5(f)^ of chirally constrained matter superfields in 
terms of unconstrained variational superfields. This is achieved in taking the a 
component of the previous equation, 



and making use of (|D-2.99|) , i.e. 



(D-4.6) 



[D-4.7) 



in the second term. Taking into account ( P-2.32| ) and (|D-2.33|) allows to write the 
third term in the form 



fD-4.8) 



Finally, substituting ( |C-1.29| ) for the commutator, gives rise to the chirality condi- 
tion 

= 0, (D-4.9) 

with 

= 5(f)'' + V^'Pb/ - ^S(^)V(,)^ (D-4.10) 

The corresponding expressions for 6(j)'' are obtained in complete analogy. There, the 
chirality condition 

Vav' = 0, (D-4.11) 
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is obtained for the combination 

= 50^ - V^Pb^^ + zS('^)V(,)l (D-4.12) 

The chirahty conditions are solved in terms of unconstrained superfields (f^ and if'', 
i.e. 

-k ^ {V"V^-SR^)^^, (D-4.13) 
ri'' = {V^V^ -8R)ip^ (D-4.14) 



Covariant superspace derivatives and gauged isometries 

Let U'^ be some generic p-form in superspace, undergoing non-hnear transformations 

= -«W^^U'. (D-4.15) 

For simphcity, we suppose that is inert under Lorentz and Kahler transforma- 
tions. The exterior covariant derivative of this p-form is 

VV'' = dV'' + (-f + (-f ^^™P0"U^ (D-4.16) 

0(p 

with T'^im defined as in ( [II-4.3| ). In verifying the covariant transformation law of 
( P-4.161) it is convenient to use identities such as 



(Vir) + V^r))9kk + -^9mk + -g^9kl = 0, (D-4.17) 

mO + ^(o)/+^/^-^/ = 0, (D-4.18) 



and 



(V _ ^^mV^ ^'^(-)' rD4iql 
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In the case p = 0, is a superfield and its covariant derivative is given as 

VV^ = E'^VaVK (D-4.20) 

The graded commutator of two such covariant derivatives is obtained by taking the 
covariant exterior derivative of ( D-4.2CI| ), using (P-4.16 ) for p = 1. The result is 



PPU^ = ( ^^U' + V^rrV^^V' ] - g'''R^ujP4>^Vct>^\jK (D-4.21) 



Decomposing 



VW'' = E^E^ (^bVaV^ + ^ Tba^Vc^J''^ , (D-4.22) 



we find 



+g'^R^u-k V' (Vb^^VacP"' - {-T'Va 0' Vb^P"^) . (D-4.23) 

The spinor derivative of a chiral superfield (p^ transforms in the same manner 

as U'^ under gauged isometrics but picks up additional contributions from Lorentz 
and Kahler transformations. Taking into account these modifications, we have 

F'^ = (D-4.24) 

and 

V^F^ = -2B)V^(t)^. (D-4.25) 



Variations in isometric Kahler superspace 

As we have shown in appendix |C-2| , gauged isometrics can be included in the geomet- 
ric description in replacing the generic U{1) connection by the composite connection 

2t = ^ A + '-E'^ (l2 Ga + , (D-4.26) 
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with 

A = Kkdcj)'' - Kid^)^ + 2^(")G(,). (D-4.27) 

The resulting geometric structure in superspace is called isometric Kahler super- 
space. As a consequence of the particular form of the composite connection, the 
variational equations in the U{1) sector will furnish additional information. 

Recall that the field strength = d'Ql satisfies the same constraints as that of the 
generic U{1) connection. For this reason the generic U{1) pre-potential K will 
be replaced by a field dependent quantity. In standard Kahler superspace, this 
is just the superfield Kahler potential. In the presence of gauged isometries, the 
dependence on the matter sector and the Yang-Mills sector involved in the gauging 
of isometries will be quite intricate. 

Fortunately enough, in the investigation of the variational equations, the know- 
ledge of the explicit form of the composite pre-potential can be circumvented in 
considering directly the variations in terms of 21. 

The relevant object in this analysis is the variation of A, which may be written as 
SA = d {Kk5(t>^ - +2g^-^Vct>H^^ - 2g^jP^H^'' + 2rMG(,). (D-4.28) 

We parametrize 

5A = E^Ba, (D-4.29) 

and consider the spinor coefficient 

B^ = E^'^Om [Kk6<j)' - K-^d^^'^ +2gj,-J)^<j)H^^ + 2T^:'^G(^r). (D-4.30) 

Taking into account the explicit expression for r^'^ -cf. ( P-2.1j8| ), we obtain 

B^ = (irfc50'=-irfc50^ + 2SMG'(,)) 

+2 gkiDe.ct>^rf + 2 V'' ( + gkj,V,4>^V^ct>^^ . (D-4.31) 

Remember that our aim is to determine 521 = u, -cf. ( D-2.3| ), with the definition 
Ea = uja — V'dba, "Cf. ( P-2.49|) . To this end we have to add the variation of the 
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second term in ( D-4.26| ) to arrive at 



1 

4' 



-QiV'G, + l-V'a^r"g,jPo.(t^^V^^^ + -g,-,V^<P^rf . (D-4.32) 



An explicit calculation shows that the last term in this equation can be written as 
a total spinor derivative as well, namely 



1 



(D-4.33) 



This leads then to 



(r) 



+8^^gk-kF' - g,-,V^(f)'V^^~'^ . (D-4.34) 

This relation summarizes the consequences of the variational equations in the U{1) 
sector which arise from the fact that 21 is a composite connection, dependent on the 
Kahler and Yang-Mills sector. On the other hand, in the analysis of the consequences 
of the torsion constraints, -cf. ( P-2.58 ), the superfield Sq, had been given in terms 
of the, up to this point, unconstrained superfields H and H, i.e. 



1 



-EJ^'Om (H+-H+ -V^V^V^^ - -V'Ga 



(D-4.35) 



Comparing the expressions in (|D-4.35|) and ( P-4.34|) leads to a chirality condition 
which is solved in terms of an unconstrained variational superfield Z such that 



H + -H 
2 



-2 ^^g^T,F^ + g,-,V'P4>''V^^~' + {V^V^ - 8R^)Z. (D-4.36) 
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Performing the corresponding analysis for the complex conjugate sector leads to 

+2^'gk-kF' - g,-,V^4>''D^^' + {V^V^ - 8R)Zl (D-4.37) 

This completes our discussion of the variational equations of superspace constraints. 
The basic variational superfields are Va and Z, Z'^ for supergravity, (f^ and (f'' for 
chiral matter superfields and T,^^^ for the Yang-Mills sector. Recall that the vari- 
ations 6(j)^, S(f)^ are expressed in terms of Va, and (f^ according to (P-4.10|) , 
( P-4.121) and (P-4.13|) , (P-4.14|) . Observe that in the standard Yang-Mills case, 



i.e. no gauged isometrics, the results ( p-4.36| ), ( P-4.37| ) should reproduce those 



derived from (P-2.89|) , ( P-2.90|) with 6K evaluated directly function of chiral 
superfields. 

D-5 Variation of the Action Functionals 

We are now in a position to derive the superspace equations of motion for the complete 
supergravity/matter/Yang- Mills system. The full action 

A. '^supcrgravity+mattcr ~l~ ^^Yang— Mills ~l~ ^^supcrpotcntial ; (D-5.1) 

consists of three separately supersymmetric and Kahler invariant pieces. It remains to 
perform the superfield variations and write down the equations of motion. 

• Variation of .Asupcrgravity+mattcr 

The kinetic action for the supergravity+matter system is given as 

"^supergravity+matter 3 jE. (E)-5.2) 

J * 

This is the form of the prototype action ( P-3.1|) discussed earlier. In its variation, 
cf. (OH), 

'^•^supergravity+matter 

-3 [e{H + H), (D-5.3) 
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H + H is given as the sum of ( D-4.36| ) and ( p-4.37 ), i.e. 



+ {V^V^ - 8R^)Z + {V^V^ - 8R)Zl (D-5.4) 

Substituting, integrating by parts and neglecting superspace surface terms gives rise 
to 

^-^supergravity+matter = 4:i Je {Gb + -ai^""^ gj^lDa4>^'Da(l)^) 

+ 16 jEZR^ + 16 jEZ^R 

+4[EF'g,-,^'-A[Ev'g,-,F' 

+2 (D-5.5) 



Variation of ^vang-MiUs 

The Yang-Mills action of ( [111-4.540 is obtained from the prototype action ( p-3.4| ) in 
identifying S with 

^Yang-Mills = ^ (0) W^^^'^ W^f^^ , (D-5.6) 

and accordingly for S. The function /(r)(s)(0) of the chiral matter superfields is 
required to satisfy 

y(p)f{r)is){(j)) = /(p){r)^^V(g)(.)(0) + /(p)(.)^^V(r){g)(0), (D-5.7) 

assuring that iSvang-MiUs is indeed a chiral superfield of weight w(5Yang-Miiis) = 2. 

(r) h 

Then, taking into account the variations of Wa and (j) as determined in this 
appendix, working out ^iSyang-MiUs) substituting in the general variation given in 
( P-3.8| ) and neglecting superspace surface terms yields, as an intermediate result 

'E 



5 



R 



'^Yang-MUls = ^ /| ^ W^^^^W^^^ + ^ Je /(.)(.) W^" T^. (D-5.8) 
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Using furthermore the exphcit form of t]^ and rQ,*^^-* gives rise to 



5 / i^Yang-Mills 



_1 jEVtW^'^''a\^W^-'^''f^r)ism 

_ /Ey,^M^n;M-w(^). (D-5.9) 
Observe that in the variation of the full Yang-Mills action 

i^Yang-Mills, (D-5.10) 

we have to take into account the complex conjugate term as well. 

Variation of Auperpotential 

The action for the superpotential, -cf. ( [111-4.55| ), is a special case of prototype action 
as well, in this case we identify S with 

^superpotential = \e''^^'^'^'^W{ct>). (D-5.11) 

In the presence of gauged isometrics the condition 

V(r)W + F(r)W = (D-5.12) 

ensures that >Ssuperpotentiai is indeed a chiral superfield of weight w(5superpotentiai) = 2. 
An explicit calculation shows that the variation of the superpotential term is given 
as 

5 Q e^^'^) = -^j^ e^^'^ - V'" e^^' (^^ + ^^W) . (D-5.13) 
For the complete superpotential action 

^'^superpotential ) (D-5.14) 

we have to take into account the complex conjugate term as well. 
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• The superfield equations of motion 

In order to find the superfield equations of motion of the complete action 

«^ — >^supergravity+matter ~l~ «^Yang— Mills ~l~ «^superpotentiab (D-5.15) 

we simply identify the factors of the various variational superfields. From the coef- 
ficient of Z'^ we obtain 

R-^e^/^iY = 0. (D-5.16) 
The superfield equation corresponding to reads 

Gb + larg,-,V^<P'V^^' - ^arif + /)(.)(.) W^^W^^ = 0. (D-5.17) 
Matter and Yang-Mills variations, respectively, give rise to the equations of motion 

4 g,-,F' + W^'^^Wi'^ + 4 e^/^ {W^ + K^W) = 0, (D-5.18) 

and 

^/(,)(,)P">V(^) - ^^Iv^cP'W^^^^ - G^r) + h.c. = 0. (D-5.19) 
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E Linear multiplet component field formalism 



The discussion of the hnear superfield formahsm in section was mainly in terms of 
superfields. As component field expressions are notoriously heavy in notations and size we 
have deferred their presentation to the present appendix. We display here the complete 
component field action for the particular kinetic potential K = i^o(0, 0) + alogL of 
( |V-5.15| ) and discuss shortly the effective anomaly cancellation mechanism in terms of 



component fields. This appendix is designed as a complement to section |V]. 
E-1 List of Component Fields 

Component fields have been defined in various places in the main text. For the sake 
of clarity we give here a complete list of the component fields which will appear in the 
Lagrangian below. 



• In the supergravity sector we have 

e^", ^m'^, V'md, M, M, ba, 



the vierbein and the Rarita-Schwinger fields as dynamical variables and a complex 
scalar and a real vector as auxiliary fields. 

• The matter sector is described in terms of 

Ak Jk k -ka rpk pk 

^ ! ^ ! Act? A ; -'■5 ) 

a set of complex scalars and of Majorana spinors as physical fields, together with 
another set of complex scalars as auxiliary fields, indices k and k referring to the 
K abler variety. 

• The Yang-Mills sector contains 

fljTX, A , Aq,, D, 

the gauge potential, the gaugino Majorana spinor and a real scalar auxiliary field, 
all Lie algebra valued with matricial generators T(r) in a suitable representation. 
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• The linear multiplet consists of 

h r A A" 

an antisymmetric tensor gauge field, a real scalar and a Majorana spinor; it does 
not contain auxiliary fields. We should stress that in the actual component field 
Lagrangian given below the Majorana spinor always appears in the combination 
ifa = L-^Aa and ip" = L^^A". 

When derived from superspace, the component field Lagrangian contains a number of 
compact building blocks, which arise in a natural manner and gather complicated com- 
ponent field expressions in a concise way. The same structures appear in the derivation 
of supergravity transformations. Examples of this mechanism are the spin connection, as 
defined in ( [1V-1.15| ) and (P^V-1.9|) , super-covariant field strength or curvature tensors like 
the curvature scalar in ( [1V-1.35| ), the projection Rab"'''\ in ( [1V-1.37D , or the field strength 



Tcb", Tcba in ( [1V-1.31| ), ( [1V-1.32| ). Other important building blocks which arise naturally 



are the super-covariant component field derivatives and the composite Kahler connection. 
This has already been described in section |IV|, for the general supergravity /matter /Yang- 
Mills system, but is even more dramatic in the presence of linear multiplets. For the sake 
of illustration we will discuss two examples of super-covariant component field derivatives 
and the construction of the explicit form of the composite of the Kahler connection in the 
presence of a linear multiplet (coupled to Chern-Simons forms). 

E-2 Construction of Supercovariant Derivatives 

It might be instructive and useful to review shortly how the super-covariant component 
field derivatives are derived from superspace. To be definite we shall discuss here as 
representative examples the super-covariant derivatives of and Xa- 

Let us begin with A^. The starting point is the superspace covariant exterior derivative 

Dcj)^ = d(t)^ - A^''^ (T(,)0)^ (E-2.1) 



Using the double bar projection as introduced in section IV one finds 



- dx^ [drnA'^ - la^ (T(,)0)') , (E-2.2) 
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suggesting the definition 

V^A'' = drrA'' - (T(,)0)' , (E-2.3) 

for tfie component field covariant space-time derivative. On the other hand, double bar 
projection in terms of covariant differentials gives 

The object T>a(p''\ is called the super-covariant space-time derivative of A^, exphcitly given 
as 

The analogous construction for Xa is slightly more involved. Here the starting point 
is the exterior covariant derivative 

DV^(f)'' = dV^cj)^ - (f)JVf^(j)'' - AVo,(t)^ - {T(r)'Da(t)f + T^ijD(t)^V^(t)\ (E-2.6) 
which upon double bar projection gives rise to 

DV^cP^W = V2dx'^ {d^xi - ^mcW - A^xl - lat^ (T^X.)' + T\p^A^x'^ , 
with VmA^ defined above. This suggests to define 

VmXl = dn^xl - ^rrJx\ ' ^mx' ' ^a^^^ (T(,)Xa)' + V\p^A^^^. (E-2.7) 
The double bar projection on covariant differentials yields now 

= rfx™ (^e„'^P„D«0'=| + ]^^JVp^4>\ + ]^^^p^V^4}'\\j . (E-2.8) 

Here, the quantity Va'Da(p''\ is called the super-covariant component field derivative of 
Xa- However, the two remaining terms still need some workout. Whereas the second term 
involves the auxiliary field F^, the third term gives rise to the super-covariant component 
field derivative T>a4>'' | , just derived above. As a result one recovers the same form as in 
( |1V-2.11| ), I.e. 

VaV^ct>'\ = er [V2V^x''^ - ^^-F^ + - ^^n'^X^)) • (E-2.9) 
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Observe however that this expression is different from ( [iV-2.10 ), because now the com- 



posite Kahler connection contains additional terms due to the hnear superfield de- 
pendence of the kinetic potential. 

E-3 The Composite Uk{^) Connection 

Let us first recall the identification of the spinor and vector components of the Uk{^) gauge 
potential in terms of the kinetic potential K, adapted to the present situation, where K 
depends on a linear superfield as well. The relevant equations are generalizations of 
( |111-4.20|) , which read now 

A^ = ^Ej'dMK{(f),^,L), A^ = ~E''''dMK{<p,^,L), (E-3.1) 

Aaa - jGaa = - iP^A^ + V^^A^) . (E-3.2) 

The important point to notice here is that the entities which are known a priori are the 
covariant components Aq, A" and Aa. As a consequence, the space-time component Am 
identified in ( PV-1.16|) , i.e. A\\ = dx"^Am{x), must be evaluated from the expression 



Am{x) = Cm'^Aa \ + ^V^„."A, | + ^7^^^ A" | . (E-3.3) 

Taking into account the linear multiplet couplings, section 0, we obtain 

i 1 1 -- i 

ia „, ia k ia k ^ ia 

+— em ba + —- hm- — - tr(A(T™A) - —(fam^ 
D 4 L 4 L 8 

~ Un<ym^''^ - ^n^m<y''^) " ^ Smupq V^^CX^V^''. (E-3.4) 
o o 

Compared to the pure Kahler superspace construction, ( [1V-1.24| ), i.e. without linear 
multiplets, a number of new terms appear. In particular, the dual field strength of the 
antisymmetric tensor gauge field, 

= ^£''™"/^^„^n, (E-3.5) 
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with himn identified in ( |V-3.5| ), is given as 



^h" = ie^'"" (^Sdnb^i + kiaidman - |aia„a„)^ . (E-3.6) 

Instead of keeping all these terms encoded in the component field definitions of the co- 
variant derivatives, we only retain the combination 

= ^KkV^A'' - \kj,V^A^ + '-g^j, x'^mx\ (E-3.7) 

in these definitions. This renders the component field action more complicated, but 
shows explicitly the various couplings related to the linear multiplet. The corresponding 
covariant derivatives will be denoted Vm, they coincide with those defined in section |I^. 

E-4 Genesis of the factor LKl — 3 

The chiral supergravity superfield R and its spinor derivatives are essential building blocks 
in the construction of supersymmetric actions and the derivation of supersymmetry trans- 
formations. A detailed knowledge of P^i? and V^V^R is crucial for the construction of 
supersymmetric component field actions. In section |V-4| we have pointed out modifications 



to the normalization of the Einstein term in the linear superfield formalism. 

We will explain here in some detail the superspace mechanism which underlies these 
modifications. To be definite we shall consider the superfield R. Its spinor derivative is 
given as 

- 3 V^R = Xa + 4^„, (E-4.8) 



as a consequence of the Bianchi identities, see ( |B-4.7|) . The superfield Sa, as defined in 



( P-2.161) , is related to the torsion Tcb", while is given in (|V-4.3|) , 

X, = _ 8R) V^K{<p, 0, L). (E-4.9) 

o 

Although straightforward, it will be instructive to illustrate in detail the appearance of 
the term LKlV^R in X^,, in successively applying the spinor derivatives. In a first step, 
we write 
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It is clear that the hnearity condition will arise from the second term, evaluation of the 
spinor derivatives yields 

(KlV^L) = {VKl V^L) + (V^Kl) VV^L + Kl [V\ P J L + Kl V^&L. 

At this point the modified linearity condition ( |V-2.18| ) 

- 8R)L = 2k tr (W^W^) , 

must be used to arrive at 

Kl V^V'^L = 8LKl V^R + 8i? KlV^^L + 2k P„ tr (W^ W,^) . 

In this way we recover ([V-4.5|) in the form 

X„ = -LKl V^R + (E-4.10) 

with Ya determined from the string of equations above. Combining this with ( [E-4.8| ) gives 
rise to 

{LKl - 3) V^R = + AS^, (E-4.11) 

identifying VaR in terms of other, already known, superfields. When projected to lowest 
superfield components, Sa\ will contain the super-covariant field strength of the gravitino. 
As to I , one has to go through the various terms and identify properly the component 
field expressions. This is straightforward, but rather lengthy, and will not be done here. 

E-5 Super symmetry Transformations 

One of the advantages of superspace geometry is that supersymmetry transformations are 
defined geometrically. We have outlined in detail how this mechanism works in the case of 
supergravity/matter coupled to Yang-Mills in section [1V-3| , based on the general formalism 



developed in appendix |C-3| . Deriving supersymmetry transformations for component fields 
amounts to a bookkeeping activity in the sense that one has to apply a set of well-defined 
rules to extract component field properties from superspace. 

The emphasis will be rather on the method of derivation of the component field trans- 
formations than their explicit gestalt (which is often quite lengthy and not very illumi- 
nating). 
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Here we will discuss supersymmetry transformations for component fields in the linear 
superfield formalism, based on the general notion of supergravity transformations ex- 
tended to 2-form geometry. This will allow to derive the component field transformations 
for the linear multiplet, coupled to the supergravity/matter/ Yang- Mills system. 

At the same time, the presence of the linear superfield L in the kinetic potential 
K{(j), (f), L), which replaces the Kahler potential, will modify the supersymmetry transfor- 
mations in the supergravity, matter and Yang-Mills sectors. 

We will discuss here, sector by sector, how these modifications are induced from super- 
space geometry, before turning to the derivation of the supersymmetry transformations 
of the linear multiplet component fields. 

• Matter and Yang-Mills multiplets 

The supersymmetry transformations of component fields in the case of the general 
supergravity/matter/ Yang-Mills system have been derived in section |rV|. The trans- 
formations of A^, Xa, are given in (|1V-3.25|) - ([1V-3.27|) , those of A'', x^, F'' in 



( llV-3.321 ) - ( llV-3.341 ), whereas those of the Yang-Mills multiplet a^. A", A^, D are 
given in ( |1V-3.36|) - ( [TV^Hl 



In the linear superfield formalism, the general structure of these transformation laws 
remains unchanged. The modifications caused by the linear field dependence of the 
kinetic potential K{(j), 0, L) occur in two ways. First of all, whenever a covariant 
space-time derivative acts on a component of non vanishing chiral weight, it should 
be written in terms of the new composite U{1) connection ( [E-3.4| ) instead of ( [IV- 
TH). 



The second source of modifications is the term t^A = C,^Aa, see ( [IV- 3. 21) , in the 



generic case of a component with non vanishing chiral weight. As A^ and A" are now 
given in terms of the kinetic potential rather then the Kahler potential, new terms 
appear. This amounts in replacing everywhere the combination Kj^^x^ ~ ^k^X^ by 

Kkix' - K-,it + ^ KL{i^ - e». (E-5.1) 

In this way the supergravity transformations of matter and Yang-Mills fields are 
adapted to the linear superfield formalism. 
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Supergravity multiplet 

The mechanism just pointed out will occur for the gravitino supergravity transfor- 
mations and the scalar auxiliary fields as well. Geometrically, the starting point for 
deriving supersymmetry transformations of the vierbein and the gravitino iprn^, 
ipma is the general superspace equation ( |IV-3.1| ) 



SEm^ = Vm^^ + EM^'fTcB^ - w{E^)Em^ i'^Ac, (E-5.2) 
derived in section |1V-3|. This relation is still valid in the linear superfield formalism. 



What kind of modifications arise for the component fields? Consider first the case 
of the vierbein e™". Choosing M = m and A = ain (|E-5.2| ) and projecting to lowest 



components reproduces the supersymmetry transformation ( |1V-3.7| ). No dependence 
on the linear multiplet appears, the supersymmetry transformation for e^" remains 
unchanged. 

What happens in the case of the gravitino? Taking M = m and A = a gives rise to 
= + e^VT^fe"! + em%T\''\ - {CA^\ + . (E-5.3) 

Clearly, the torsion terms are expressed in terms of the supergravity auxiliary fields 
as before, no modification. However, in the covariant derivative of ^" -cf. (|IV-3.1CI| )- 



the composite Kahler connection Am\ is now given by ( |E-3.4| ) instead of ( [1V-1.24| ). 
Moreover, in the last term, the linear superfield dependence must be taken into 
account, giving rise to the second type of modification pointed out before. It is 
then an easy exercise to write down explicitly all the terms in the supersymmetry 
transformation of the gravitino in the linear superfield formalism, the result should 
be compared to (|IV-3.8| ) and (|IV-3.9|) . 



Let us next turn to the auxiliary fields M, M and ba- As we point out now, the 
situation is more intricate in this case. To be definite we concentrate on M = — 6-R| . 
Its generic supersymmetry transformation -cf. ([lV-3.16 )- reads 



5M = -6CV^R\-l=M(^Kk^x'-Kj,^t + ^KL{^V-^^)y (E-5.4) 
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As to the lowest component of VaR we should take into account the discussion in 
the previous subsection, in particular ([E-4.11|) . As a result, we find 

--^ M (^K,^x' - K-,it + ^ KlU^ - e» j . (E-5.5) 

This is a very compact form of a quite complicated expression. First of all the 
super-covariant field strength Tcb''\ of the gravitino is given in ( [lV-1.31j ). Here, the 



covariant derivative ( p.V-1.28| ) must now be written in terms of the composite Kahler 
connection constructed in (|E-3.4| ). As to FqI, its superfield form is to be determined 



from the string of equations of the preceding subsection and then projected to lowest 
components with carefully paying attention to U{1) covariant space-time derivatives. 
The procedure is straightforward, but a bit lengthy and so is the result, which will 
not be presented here. Note, however, that the same quantity Yq,| appears in the 
variation of ha as well. 

Linear multiplet 

The linear multiplet and its couplings to the supergravity/matter/ Yang-Mills sys- 
tem, including Chern-Simons forms, is described in the framework of 2-form ge- 
ometry in superspace. In order to extract the supergravity transformations of the 
antisymmetric tensor we have to extend the notion of supergravity transformations 
to this geometric structure as well. 

Recall that invariance of the 3-form field strength H = dB + kQ under Yang-Mills 
gauge transformations of the Chern-Simons form Q = tr(A7-'— 1/3 ^^v4) is achieved 
in assigning a compensating Yang-Mills transformation to the 2-form gauge poten- 
tial, in addition to superspace diffeomorphisms and 1-form gauge transformations 
P = dz'^ Pm, such that 

6totB = L^B + d(3 + ik tr (a dA) , (E-5.6) 

with a. = a^^^T(^r)- In the first term, we explicit the Lie-derivative, and use i^^dB = 
L^H — L^Q with 

L^Q = tr {A L^r) + tr {{l^A) dA) , (E-5.7) 
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to arrive at 



6B = L^H -kti{A Li-J^) + d{[3 + l^B) +ikti{{cx + i^^) dA) . (E-5.8) 



Supergravity transformations, along the same lines of reasoning as in appendix |C-3 
are then defined as 

(5wz B = L^H-kii {A L(:J^) , (E-5.9) 

i. e. a combination of superspace diffeomorphisms and field dependent compensating 
Yang-Mills and 1-form gauge transformations of parameters 

a = -i^A, P = -L^B. (E-5.10) 

The supergravity transformation of the antisymmetric tensor gauge field hmn{x) is 
then obtained from (|E-5.9| ) in applying systematically the double bar projection, 
which yields 

dx'^dx^ ^5wz hnm = dx'^dx"- [^anm^ + i^nmA " iL IpnCTm^ " iL i)n^mi 

+iA;tr (a^(^a„A + ^a„,A))] . (E-5.11) 

Supergravity transformations of L{x) and A^, A" are obtained in the usual way, 
applying spinor derivatives to the superfields L and V^L, V^L. As to L{x) it is 
immediate to find 5L = ,^A + ,^A. The case of Aq is slightly more interesting, let 
us outline the general procedure to obtain its supergravity transformation. The 
starting point is the superfield equation, 6VaL = ^^P^P^L + ^^V^VaL written in 
the form 

SV^L = -^^aV^L + L - [V^,V^^ L. (E-5.12) 

Using the modified linearity condition ( [V-2.1^ ) and substituting for the commutator 
( |V-2.2q ) gives rise to 

o 

-4^^R^L + 2Ucr''ef^ GaL 

-fceatr(WaW°) +2A;^itr (WaW") . (E-5.13) 
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The supergravity transformation of Aq, is then obtained after projecting to lowest 
superfield components with special care to the super-covariant component derivative 
VaL I and field strength Hcba \ ■ 

E-6 Component Field Lagrangian - I 

We display here the complete component field Lagrangian for the example of section [V|, 
i. e. a special kinetic function of the form 

K{(f),^,L) = Ko{(j),^) + a\ogL. (E-6.1) 

Requiring a canonical normalization function = 1 gives rise to a subsidiary function 

- a - 

F(0,0,L) = + (E-6.2) 

with arbitrary linear potential V{(f),(f)). The component field action is then derived from 
the generic procedure of section [iV-4| , for the chiral superfield ( |V-6.1| ) in section |V-6| , i. e. 



r = -hv^ ^8R)F{^,(P,L), r = -^(D^ - 8/?"^)F(0, 0, L), (E-6.3) 



with F given by ([E-6.2|) . Working through all the necessary steps leads then to the 
Lagrangian 

- {K,-, - 3LV,-,) VmA' V^A' - {K,-, - 3LV,-,) (xV"^ V^x' + x'^"'V.^x' 
*hm - TT^d"'L dmL - - {ipa^V^^ + <^a™ V^</^) 



4L2 4L2 4 

k (a %k fa 



T "1 / 

+-(« - 3)MM - -(a - 'i)Wh'^ + - 3Ly,s) F'^F^ " 3 (f " ^l^) 



(r) 
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{Kk - 3LVk)iT^r)A)' + iAT^r))HK-k - 

k ~ 



3L 



+- 



3L 



(r) 



pk 



+ 



a \ 3 

^ i^kk ~ SLVJi.^) + -\4fc 



4L 



a - 2 



-3y 



i'k-k^(^"'x' + V,-,ix'(T^x')^mA' 
( V2l-,^ (^a-x' + V-kkiX^^'^x') ^mA' 

iV2{K,-, - 3LV,-,) (x'A('^)) - 3iLV^{ifX^^^)\ {AT(^r)f 
+^ {R,Ui - ^LVuui) (xV)(x'x') + - 3)(w)(w) 



ak 

+T 



" 4L \L 
k 
"4 

i3k 



3y_|(«_2) (A('-)(j"^A(,))((^(j^(^) 
-^^ (A('-)(j"*A(,))(A(^)a^Ao 



T-3^-T 



o) 



I (X,^ - 3Ll-,^) + W,^ (A('^)<7-A(,))(xV^x^) 
?3/r 



^'■V'"A(,)) 



^ [v,rfc(x^x')(xV) + Vs;.(xV)(x'^) 
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p(r) 
' mn 



QU Q _ _ 



(y — i(y — 

iak 



SL 
ia 



■^)(A('-)A(,)) + (^^(7"V)(aMA(,))] 



I ()i — 

--{a - 4) [{^l^^<J^(p){^^) + {i;r^a^^){(p(p)\ 



i3k 

i3k 



f-^ (3V^"^x' + a^n^^'^x') (A(^V„A(,)) 

V^/c(^maV)(A(^)A(.)) + Vfc(^^a™x')(A('-)A(,)) 



4^2 

iSk 

iak 



AL 

iak (a 1 



+ — - - j (V'n^7"^^> - V5n^"^<7"<^) (A(^V^A(,)) 

+ ^ (X,^ - 3Ly,^) [V'n<7"^VS" - \{0i - 4)£-"^^V'm<7nVSp) (x'<^,x') 

] 

^16 \L 
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k /a 

+ 



+ 



o o 

— — 

-Y^^™£m..i(V'nap7/;,)(^V^^*). (E-6.4) 

Recall that the first term in this expression, the curvature scalar 7^, is defined in ( [1V-| 



1.35|) . As mentioned above, the covariant derivatives Vm coincide with those defined in 
section For the sake of completeness, we recall here the explicit expressions. The 
nabla derivatives of the Rarita-Schwinger field are given in ( [IV- 1 .281) , (|1V-1.29|) , 

V„^^" = SnV'm" + + V^m"fn, (E-6.5) 

^n^ma = dnipma + i^m/B^n'^ a " ^md^n, (E-6.6) 



whereas ( [1V-1.23|) , ( [1V-1.23|) define those of the matter complex scalars: 



VmA' = 9„A*-zaM(T(,)A)\ VmA^ = + (AT(,))^ (E-6.7) 

The derivatives for the spinors in the matter sector are, ( |1V-2.15| ), ( |1V-2.16| ), 

V„XL = drnXa-Urna^X^-ia^;:^ {T(^r)Xay -V^xi + Xir^jkV^A^ (E-6.8) 

Vmr' = dmt^ - + la^r^ [t T(.))' + v^f' + T^fc V^A^ (E-6.9) 

whereas those of the Majorana spinor of the linear multiplet are given as 

^m^'o, = dm(pi - UJma^^^ " W^<^L ^ m^^^ = <9m<^"^" " ^m'^<J,<f^^ + Vm<f"^. (E-6.10) 
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Finally, the gaugino covariant derivatives, ( |1V-5.27| ), ( |1V-5.28| ), are 

V„AW = 9^AW - Uma'^X^;^ - aWA(;)c(,)(t) W + VmX'^:\ (E-6.11) 
V„AM" = 9^AW"-w„%AM^-aWAW%)(i)M-t;„AW". (E-6.12) 

As to the field strength tensors, = -^e''''"^"'himn is given above in ([E-3.6|) . The Yang- 
Mills field strength, defined in (|IV-2.2CI| ), reads 

= a^aM - a.aW + aWaWc(,)(,)M, (E-6.13) 

with dual 2 */(")^' = e'^'"^"/!;;!,- 

As to the manifold of the matter scalar fields, the basic objects are the kinetic potential 
K and the linear potential V. Subscripts attached to these objects denote derivatives with 
respect to the complex scalars. In particular, the Kahler metric Qf^^. = K^j^ is defined in 
( [11-4 .81 ), and its inverse shows up in the Levi-Civita symbols 

= g'^ga, ' r%- = g''gi,j. (E-6.14) 
The curvature tensor is given as ( [11-4 .41 ) 

^kkjj = gkkjj ~ g'^'^gkij gikj ■ (E-6.15) 

As to the derivatives of the linear potential we have introduced the covariant objects 

v., = V,, - r,'^, Vk, = % - T-^jV-^, (E-6.16) 

Hfcj = ^ikj j^kki "^ikj = Vikj — ^I'^jVkki (E-6.17) 



as well as 



~ "I" ^i^'j ^t^'j^kk ~ ^i^j '^ikj ~ ^i^j^ikj- (E-6.18) 

Before turning to a discussion of the auxiliary field sector we shortly discuss the 
effective transformations V ^ V + H + H. Observe that any term containing either V 
itself or derivatives Vk, Vj. or Vku Ve changes under such transformations. Of particular 
interest is the term 

[VkV^A'' - VkVmA^) 
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which transforms into 

after integration by parts. On the other hand, the Yang-Mills kinetic term gives rise to 

Finally, we have to comment on the structure of the auxihary field sector. Collecting 
in £aux all the terms containing auxiliary fields, that is components M, M, ba, , and 
D(r), we diagonalize in terms of new, hatted auxiliary fields which have trivial equations 
of motion. As a result, the auxiliary sector of the Lagrangian takes the form 

e-'>Caux = +^(« - 3)MM - ^(a - 3)6a 

k (a 



(r) 



9L 



a — 3 



9^ 
' 4 

9kL 



4 
9kL 



+ 



4 

9V2L' 



VfUK,-, - 3LV^fcfc)-Hfe,(x^x') ix'^) 
{a-3)k^ (a n2 



4 • J* 



16 
(a -3) 



-3Vy (AWa-A(,))(A(^)<7^A(,)) - 



32 



.(i^,^ - 3LV-,^) (xV^x') [2^ - (A«a-A(,)) + a{ipa^ip) 
a{a-3)k ^a_3^^ (^,^^)(a(0,^A(.)) 



16 
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9k / a 

+t(i- 



3V 



-2V,V^(xV™x')(A(''V^A(,))' 



O ' , „ . _1 ^ 



X [i-^.x^a('-)-1^-x^AM] 
X [A^^'V - A^'^V] 



4V2L vi^ 
Ska (a 



Vu (x'<^)(A«A(,)) + V-^ (xV)(A('^^A(,)) 

-31^)"' (l^.xV-^-nx'^>) (A(^V„A(.)). 

Clearly, the role of effective transformations after elimination of the auxiliary 
serves further study. 



(E-6.19) 

fields de- 



E-7 Component Field Lagrangian - II 

We can merge these new contributions into the Lagrangian and eliminate trivially the 
auxiliary fields; this will yield a huge expression which we simplify somehow by making 
the following changes 

• Change the Kahler metric in the Lagrangian: 

Consider the Kahler potential 

i?(0,0,L) = i^(0,0,L)-3L\/(0,0) 

= Ko{(t>A)+a\ogL-2>LV{(t>,4>). (E-7.1) 
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we promote Xj.^ = K^^ — SLVj.^ to a metric denoted Gj.^ and define symbols and tensors 
in this new scheme. For instance: 

^jjk = gij'^/k-^LVjjk: (E-7.2) 

so that we can define new Christoffel symbols 

fj\ = G^^Kjjk = r/, - SLG^^Vjjk, (E-7.3) 

f/s ^ G^^Kjf, = r/^ - SLG^^Vjk (E-7.4) 

and a curvature tensor 

— Rjjkk ~ ^LVjjkk ~ 9-^^ VjTfe ^jik- (E-7.5) 

We can then define the corresponding "hat" covariant derivatives like Vij, Vj^j, etc. 
Finally let us note that 

I - ay = Kl, (e-7.6) 

and that Yang-Mills invariance of K tells us 

KkiT(r)A)'^ = {AT^r)fk-,, (E-7.7) 

which again simplifies the expression of the Lagrangian. With the new metric in the 
Kahler connection we define new covariant derivatives 

--(Rp^A^ - KPmA^)xi - '-Gf^ix^omt) (E-7.8) 



1 



+-{K^V^A^ - K-,VmA')x''' + -,Gf^{x'amt) x'\ (E-7.9) 
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4' 



1 



r) 



Make a shift on 



Putting everything together this gives rise the new Lagrangian 



-G^-^VmA'^i/^A^ -'-Gj,j,(x^a^^ ■ -^--^ 



a 



+ ^i?^ (AWa-v„A(,) + AWa-v„A(,)) 
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f 
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mn 



+ 



i3L 



V, ) (x^A(^)) - ( 3Ly, - ) (^A(^)) 



V2 L 



32 



3^ 
" 16 
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+T (vsr+^%'HH)(x¥)(A(^^A(.)) 
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ak 
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ALKr 
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+ 
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- [KlG^j, +QKY^'V,Vi) (xV'"x')(A(''V^A(,)) 
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[gL'V, G'' V^j + aK-X) (xV)(A(^)A(,)) 
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3L 
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— m^n—k\ 



iak 



+ 8L [(^rna"'v)(>^^'^^\r)) + (V^m^"^^) (A^^^ A(,))] 
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V^fc(xV"^V;^)(AWA(,)) + V^{ta"^^m){X^'%)) 
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i3k 
iak 
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3? 
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CSl — — 

+^ (^™^/^ + f'^f') (^™c7„^p)(^a,^). (E-7.14) 
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F 3-form gauge potential and Chern-Simons forms 



The analogy between Chern-Simons forms and 3-form gauge potentials will be employed 
to determine the Chern-Simons superfield ([V-2.21| ). To this end we present first the 
explicit solution of the 4-form constraints in terms of an unconstrained superfield. Already 
important by itself, in the description of constrained chiral multiplets -cf. section [VJ- this 
analysis underlies the explicit construction of the Chern-Simons superfield. After some 
general remarks and definitions concerning Chern-Simons forms in superspace, the Chern- 
Simons superfield is determined as the counterpart of the pre-potential of the 3-form. 

F-1 Explicit Solution of the Constraints 

As shown in the main text, the constraints 

^SjiA = 0, (F-1.1) 

allow to express all the coefficients of the 4-form field strength in terms of the constrained 
chiral fields Y, Y. The Bianchi identities in the presence of the constraints are summarized 
in the chirality conditions together with the additional constraint ( |VI-1.2|) . Alternatively, 
as we will explain now, the explicit solution of the superspace constraints allows us to 
determine the unconstrained pre-potential of the constrained superfield. An important 
ingredient in this procedure will be the use of the gauge freedom of the 3-form potential, 
C, parametrized by a 2-form A, 

^CcBA = CcBA + / {VcAba + Tcb^Afa) . (F-1.2) 

J CBA 

As usual denotes the graded sum C B A + {-y^''+''^ B AC + AC B . In a first 

step consider 

which we satisfy with 

C^^A = VaU^p + / [V^UpA + Ta/Ufp) , (F-1. 4) 
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and the complex conjugate 

T.^^^A = 0, (F-1.5) 

by 

{VW^A + Ta^^Vf^^ . (F-1.6) 

Since the pre-potentials UpA and a should reproduce the gauge transformations of 
the gauge potentials C^/3a and C^^ a we assign 

UpA ^ ""UpA = + (F-1.7) 

and 

V\ ^ ^yf'A = V^A + A^A, (F-1.8) 

as gauge transformation laws for the pre-potentials. On the other hand, the so-called pre- 
gauge transformations are defined as the zero-modes of the gauge potentials themselves, 
that is transformations which leave Cy^A and C^^a invariant. They are given as 

UpA ^ UpA + VpXA-i-TVAXp + TpA^'xF, (F-1.9) 

and 

V^A ^ V^A + V^^A-{-rVA^^ + T^A^^F. (F-1.10) 

We parametrize the pre-potentials now as follows: 

^ VF/ + V^i^/, (F-l.ll) 

V^a = wJ-TjfKf, (F-1.12) 

and 

UfSa = WfSa-T>pKa, (F-1.13) 

V^a = W^a + T)^Ka. (F-1.14) 

Explicit substitution shows that the Ka terms drop out in C^^a and C^'^a- Denoting 
furthermore 

Ufsa = Wp^, and V^" = W^", (F-1.15) 
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we arrive at 

C-,pA = VAW^p+(f {V^Wpa + Ta/Wfp), (F-1.16) 

C^^^ = VaW^^ + (v^W^A + T/'^Wp^y (F-1.17) 

i.e. a pure gauge form for the coefficients C^pA and C'^^a witli tlie 2-form gauge parameter 
A replaced by tlie pre-potential 2-form 

W = ^E^E^Wba, with Wba = 0. (F-1.18) 

We take advantage of this fact to perform a redefinition of the 3-form gauge potentials, 
which has the form of a gauge transformation, 

C := -^C = C -dW. (F-1.19) 

This leaves the field strength invariant and leads in particular to 

C^HA = 0, and C"^^ a = 0, (F-1.20) 

whereas the coefficient C^^ a is replaced by 

C^K = C/„ - V^wK - V^W^a - VaW^K (F-1.21) 

We define the tensor decomposition 

= T/^ (r/^„ ^ + + , (F-1.22) 

where W^[/a] is antisymmetric and i^(/a) symmetric and traceless, and perform another 
redefinition which has again the form of a gauge transformation, this time of parameter 

W = ^^^^^^'W^iH, (F-1.23) 

such that 

^ ■= -^C = C-dW. (F-1.24) 
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Note that this reparametrization leaves C^pA and C^^ a untouched, they remain zero. 

Let us summarize the preceding discussion: we started out with the 3-form gauge 
potential C. The constraints on its field strength led us to introduce pre-potentials. 
By means of pre-potential dependent redefinitions of C, which have the form of gauge 
transformations (and which, therefore, leave the field strength invariant), we arrived at 
the representation of the 3-form gauge potential in terms of with the particularly nice 
properties 

Q^pA = 0, Q?^A = 0, (F-1.25) 

and 

Q/„ = T/^ (r^fa n + , (F-1.26) 

Clearly, in this representation, calculations simplify considerably. We shall therefore, from 
now on, pursue the solution of the constraints in terms of ft and turn to the equation 



E^/" = = /"r^^^n/,, (F-1.27) 

J (5-Y 



which tells us simply that ft[ba) is zero. Hence, 

fij^a = (F-1.28) 

We turn next to the constraints 

-7/3 



and 



S^^^a - ^ = f ((D'^^sK + Ti^^flf^a) , (F-1.29) 

" ° " (^7^'/3a + T^'^flfpa) , (F-1.30) 

which, after some straightforward spinor index gymnastics give rise to 

^-rba = 2((76„)7%Q, (F-1.31) 

= 2(a,a)\V'^n. (F-1.32) 

This completes the discussion of the solution of the constraints, we discuss next the 

consequences of this solution for the remaining components in E i.e. I^s-yba, '^Scba and 
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^dcba- As a first step we consider 

^Sjba = f {l^S^-rba — Tsbip^^'^a + Tsaip^'r'^b), (F-1.33) 

and 

^'\a = j " - T\^n^\ + T',^n^\^ . (F-1.34) 

Substituting for the 3-form gauge potentials as determined so far, and making appro- 
priate use of the supergravity Bianchi identities yields 

Es^ba = -2{abae)s^ {V - 8R^)n, (F-1.35) 

and 

= -2(aft„e)^^ {& - 8R)n. (F-1.36) 
The appearance of the chiral projection operators suggests to define 

F = -A{V^-8R^)n, (F-1.37) 

Y = -A{V'^ - 8R)n. (F-1.38) 

The gauge invariant superfields Y and Y have chirality properties 

VoX = 0, V^Y = 0, (F-1.39) 

and we obtain 

^5^ba = l{'Jbae)s'yY, (F-1.40) 

^'\a = IM'^'Y. (F-1.41) 

In the next step we observe that, due to the information extracted so far from the 
solution of the constraints, the field strength 

^S\a = Ts^'^cba, (F-1.42) 

is determined such that T,cba is totally antisymmetric in its three vector indices. As, in 

its explicit definition a linear term appears (due to the constant torsion term), i.e. 

'^s'^ ba — Ts'^'^flcba + derivative and other torsion terms, (F-1.43) 
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we can absorb Hcba in ^ modified 3-form gauge potential 

= ^cba - ^cba, (F-1.44) 

such that the corresponding modified field strength vanishes, i.e. 

= 0. (F-1.45) 
The outcome of this discussion is then the relation 

which identifies figba the superfield expansion of the unconstrained prc-potential Q. 

Working, from now on, in terms of the modified quantities, the remaining coefficients, 
at canonical dimensions 3/2 and 2, i.e. ^scba ^dcba^ respectively, are quite straight- 
forwardly obtained in terms of spinor derivatives of the basic gauge invariant superfields 
Y and Y. To be more precise, at dimension 3/2 one obtains 

^5cba = -^<6,e6a2^^F, (F-1.47) 

^'cba = +^(7"'' eacbaVsY, (F-1.48) 
and the Bianchi identity at dimension 2 takes the simple form 

_ 24R^) Y-{&- 24R) Y = —e'^^'^T^^^^. (F-1.49) 

3 

As to the gauge structure of the 3-form gauge potential we note that in the transition 
from C to Jl, the original 2-form gauge transformations have disappeared, is invariant 
under those. In exchange, however, as already mentioned earlier, Q transforms under 
so-called pre-gauge transformations which, in turn, leave C unchanged. As a result, the 
residual pre-gauge transformations of the unconstrained pre-potential superfield, 

Vt ^ = + A, (F-1.50) 

are parametrized in terms of a linear superfield A which satisfies 

- 8R^) A = 0, - Si?) A = 0. (F-1.51) 
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In turn, A can be expressed in terms of an unconstrained superfield, as we know from 
the explicit solution of the superspace constraints of the 2-form gauge potential, actually 
defining the linear superfield geometrically. In other words, the pre-gauge transformations 
should respect the particular form of the coefficients of the 3-form Q. 

F-2 Chern-Simons Forms in Superspace 

Under gauge transformations the Chern-Simons 3-forms change by the exterior derivative 
of a 2-form, which depends on the gauge parameter and the gauge potential. Due to this 
property one may view the Chern-Simons form as a special case of a generic 3-form gauge 
potential -cf. the preceding subsection. This point of view is particularly useful for the 
supersymmetric case. To be as clear as possible we first recall some general properties of 
Chern-Simons forms in superspace. 

To begin with we consider two gauge potentials and Ai in superspace. Their field 
strength squared invariants are related through 




(F-2.1) 



This is the superspace version of the Chern-Simons formula, where 



^0 = dAo + AoAo, 



Tx = dAx + AxAx- 



(F-2.2) 



On the right appears the superspace Chern-Simons form. 




(F-2.3) 



where 



Tt = dAt + AtAu 



(F-2.4) 



is the field strength for the interpolating gauge potential 




(F-2.5) 



The Chern-Simons form is antisymmetric in its arguments, i.e. 




(F-2.6) 
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In the particular case — A, Ai — 0, one obtains 

Q{A) -.^ Q{A,0) ^ trl^AJ'-^AAAy (F-2.7) 
We shall also make use of the identity 

Q {Ao, Ai) + Q {A,, A2) + Q {A2, Ao) = dx (A, ^1, A2) , (F-2.8) 

with 

X (Ao, Ai, A2) = tr (A^i + A1A2 + A2A0) . (F-2.9) 

This last relation (the so-called triangular equation) is particularly useful for the deter- 
mination of the gauge transformation of the Chern-Simons form. The argument goes as 
follows: first of all, using the definition given above, one observes that 

Q{^A,0) = Q{A,dgg-'). (F-2.10) 

Combining this with the triangular equation for the special choices 

A = 0, Ai ^ A, A2^dgg-\ (F-2.11) 

one obtains 

Q (0, A) + Q {9 A, 0) + Q {dg g-\ O) = d tr [Adg g-^) , (F-2.12) 

or, using the antisymmetry property 

Q{3A)-Q{A) = dtr{Adgg-')-Q{dgg-'). (F-2.13) 

The last term in this equation is an exact differential form in superspace as well, it can 
be written as 

Q{dgg-') = da, (F-2.14) 

where the 2-form a is defined as 

(7 = / dt tr{dtgtgT'dgtg;'dgtg;'), (F-2.15) 
^0 
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with the interpolating group element parametrized such that for t G [0, 1] 

9o = 1, 9i = 9 (F-2.16) 

This shows that the gauge transformation of the Chern-Simons form, which is a 3-form 
in superspace, is given as the exterior derivative of a 2-form, 

Q{3A) -Q{A) = dA{g,A), (F-2.17) 

with A = X — cr. 

The discussion so far was quite general and valid for some generic gauge potential. It 
does not only apply to the Yang-Mills case but to gravitational Chern-Simons forms as 
well. 



F-3 The Chern-Simons Superfield 

We specialize here to the Yang-Mills case, i. e. we shall now take into account the covariant 
constraints on the field strength, which define supersymmetric Yang-Mills theory. It is 
the purpose of the present subsection to elucidate the relation between the unconstrained 
pre-potential, which arises in the constrained 3-form geometry, and the Chern-Simons su- 
perfield. Moreover, based on this observation and on the preceding subsections we present 
a geometric construction of the explicit form of the Yang-Mills Chern-Simons superfield 
in terms of the unconstrained pre-potential of supersymmetric Yang-Mills theory. 

In this construction of the Chern-Simons superfield we will combine the knowledge 
acquired in the discussion of the 3-form gauge potential with the special features of Yang- 
Mills theory in superspace. Recall that the Chern-Simons superfield Q^-^ is identified in 
the relations 

tr(Wc,W") = i(I?2-8i?1')fi^^, (F-3.1) 

tr (W"W„) = ^{&-8R)Q''^. (F-3. 2) 

The appearance of one and the same superfield under the projectors reflects the fact that 
the gaugino superfields Wa are not only subject to the chirality constraints (P-3.33|) but 



satisfy the additional condition ( [11-3.34 ). It is for this reason that the Chern-Simons form 
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can be so neatly embedded in the geometry of the 3-form. As explained in section V-2 
the terms on the left hand side are located in the superspace 4-form 



tr(J^J^). (F-3.3) 



Of course, the constraints on the Yang-Mills field strength induce special properties on 
the 4-form coefficients, in particular 

^"^Sj^A = 0, (F-3.4) 

which is just the same tensor structure as the constraints on the field strength of the 3- 
form gauge potential. Therefore the Chern- Simons geometry can he regarded as a special 
case of that of the 3-form gauge potential. Keeping in mind this fact we obtain 

S^^5,fea = \Ms,Y^"", (F-3.5) 

T.^'''\a = ^(a,,e)^^r^-, (F-3.6) 

with 

Y^^ = -8 tr(>V">V«), (F-3.7) 

F^^ = -8tr(>Va>V"). (F-3.8) 

These facts imply the existence and provide a method for the explicit construction of 
the Chern-Simons superfield: comparison of these equations with those obtained earlier 
in the 3-form geometry clearly suggests that the Chern-Simons superfield fi^'^ will be 
the analogue of the unconstrained pre-potential superfield fl of the 3-form. In order to 
estabhsh this correspondence in full detail we translate the procedure developed in the 
case of the 3-form geometry to the Chern-Simons form (in the following we shall omit 
the superscript). The starting point for the explicit construction of the Chern-Simons 
superfield is the relation 

tr(J^J^) = dQ{A). (F-3.9) 

In the 3-form geometry we know unambiguously the exact location of the pre-potential 
in superspace geometry. Since we have identified Chern-Simons as a special case of the 
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3-form, it is now rather straightforward to identify the Chern-Simons superfield following 
the same strategy. To this end we recall that the pre-potential was identified after certain 
field dependent redefinitions which had the form of a gauge transformation, simplifying 
considerably the form of the potentials. For instance, the new potentials had the property 

n^pA = 0, n^^A = 0. (F-3.10) 

Note, en passant, that these redefinitions are not compulsory for the identification of 
the unconstrained pre-potential. They make, however, the derivation a good deal more 
transparent. Can these features be reproduced in the Chern-Simons framework? To 
answer this question we exploit a particularity of Yang-Mills in superspace, namely the 
existence of different types of gauge potentials corresponding to the different possible types 
of gauge transformations as described in subsection [11-2. 2| . These gauge potentials are 



superspace 1-forms denoted by A, A{0) = CL and ^(1) = CI, with gauge transformations 
parametrized in terms of real, chiral and antichiral superfields, respectively. Moreover, 
the chiral and antichiral bases are related by a redefinition which has the form of a gauge 
transformation involving the pre-potential superfield W 

a = w-^a w - w-^dw = ^a. (f-3.ii) 

Writing the superspace Chern-Simons form in terms of CI shows immediately that 

Q^^Aia) = 0, (F-3.12) 

due to a° = 0, but 

Q^(3Aia) ^ 0. (F-3.13) 
Of course, in the antichiral basis, things are just the other way round, there we have 

Q-y/3A(a) = 0. (F-3.14) 

On the other hand, due to the relation between d and CL and the transformation law of 
the Chern-Simons form ( [l''-2.17| ) we have 

Q(a) - Q(a) = dAiw, a), (F-3.15) 
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where now the group element, g, is replaced by the pre-potential superfield W. In some 
more detail, in A = % — a, we have 

X = x(0,a,T) = tr(aT), (F-3.16) 

where 

T = dWW^ = E^Ta, (F-3.17) 

has zero field strength 

dT + TT = 0. (F-3.18) 
The coefficients of the 2-form, x, are given as 

XBA = tr (Tb OiA - (-)"'Ta as) . (F-3.19) 

For 0", we define the interpolating pre-potential Wt 

T, = dWtW;\ (F-3.20) 

such that 



Consider now 



cTBA= C dtti{dtWtW;\TtB.^tA)). (F-3.21) 
Jo 

Q^Pa{0.) = VaA^/, + / {V^AfSA - i-rryAF^) , (F-3.22) 



'7/3 

following from ( F-3.15 ), and (|F-3.14 ) and perform a redefinition 



Q ■= Q{a)-dA, (F-3.23) 

which leaves tr (JFJF) invariant. We then determine the 2-form A in terms of the coefficients 
of the 2-form A such that 

Q-yfSA = 0, (F-3.24) 

and maintain, at the same time, 

Q"'^A = 0. (F-3.25) 
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This is achieved with the identification 

K^A - A^^, A'^^ = Ha = 0- (F-3-26) 
For later convenience, we put also 

A6„ = |(P;.A„-P„A6). (F-3.27) 
Here Aa is identified using spinor notation such that 

A/ = -^T/'^Aa. (F-3.28) 

We have, of course, to perform this redefinition on all the other coefficients, in particular 

Q^K = Q^^a{a) - V%a. (F-3.29) 

In the derivation of this equation one uses the anticommutation relation of spinor deriva- 
tives and suitable supergravity Bianchi identities together with the definition 

E^a = A^„ + '-V^Aa. (F-3.30) 

We parametrize 

= r/„l]^- + T/'^Qf^, (F-3.31) 
where we can now identify the explicit form of the Chern-Simons superfield 

= Q{a) - ^v^e\^. (F-3.32) 

The first term is obtained from the spinor contraction of 

Q/„(a) = tr (a^^^„(a)) = -i{aaefp tr {a^Wf'ia)) , (F-3.33) 

i.e. 

Q{a) = -^Q"%a(a) = -^tr(a">v„(a)). (F-3.34) 

It remains to read off the explicit form of the second term from the definitions above. 
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In closing we note that a more symmetrical form of the Chern- Simons superfield may 
be obtained in exploiting the relation 

Q/a(a) - Q/a(a) = + v^'^.a + T/^ (^A,, + '-{v,/\a - Va/^,)^ , (F-3.35) 

with 

S^, = A^, + '-V^A,. (F-3.36) 

Observe that different appearances of the Chern-Simons superfields should be equiv- 
alent modulo linear superfields. To establish the explicit relation of the Chern-Simons 



superfield presented here and that given in ||3^ is left as an exercise. So far, we have dealt 
with the superspace Chern-Simons form alone; when coupled to the linear multiplet the 
modified field strength is 

^ u^i^QyM^ (F-3.37) 
with H = dB. In the preceding discussion we have split 

Qy^ = Qy^ ^ dk"^ , (F-3.38) 

such that has the same vanishing components as H. Defining 7i^^ = H^-^ — 
and B^^ = B + A^^ leads to 

^yM ^ ^QyM_ (F-3.39) 

Although 7^^-^ is no longer invariant under Yang-Mills gauge transformations, it has the 
same constraints as H. Therefore the solution of the modified linearity conditions can be 
obtained by the same procedure as employed in the case without Chern-Simons forms. 
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